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Nonminimally coupled scalar fields in homogeneous universes
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The equations governing the evolution of non-minimally coupled scalar matter and the scale factor of a
Robertson-Walker universe are derived from a minisuperspace action. As for the minimally coupled case, it is
shown that the entire semiclassical dynamics can be retrieved from the Wheeler-DeWitt equation via the
Born-Oppenheimer reduction, which properly yields thime-time component of thecovariantly conserved
energy-momentum tensor of the scalar field as the source term for gravity. However, for a generic coupling, the
expectation value of the operator which evolves the matter state in time is not equal to the source term in the
semiclassical Einstein equation for the scale factor of the universe and the difference between these two
guantities is related to the squeezing and quantum fluctuations of the matter state. We also argue that matter
quantum fluctuations become relevant in an intermediate regime between quantum gravity and semiclassical
gravity and study several cases in detail.

PACS numbg(s): 04.60.Kz, 04.60.Ds, 04.62v, 98.80.Hw

[. INTRODUCTION principle that time-reparametrization invariance is a funda-
mental property of any gravitational system which also gen-
Non-minimally coupled scalar fields have been exten-erates the dynamics and be lifted to a quantum symmetry.
sively used in the literature to account for higher loop quan-Then, one expects to have a Hamiltonian constraint from
tum corrections to the theory of scalar fields in the generawhich the Born-OppenheimeBO) reduction[6-8] allows
relativity theory of gravitation(see, e.g.[1] and references ©One to pro_perly and unambiguously recover the sem|c_IaSS|caI
therein. However, contrary to the minimally coupled case, limit starting from the Wheeler-DeWittWDW) equation
guantization of such fields in the framework of quantum field[9,10].
theories on a classical curved background makes an ambigu- The above scheme has proved remarkably successful for
ity apparent. In fact, there appears a boundary term in théhe minimally coupled scalar field in Robertson-Walker
action for the scalar field which arises when using rescalegpPace-time{11]. In that case one starts with an actién
fields and whose presence changes the canonical mattgrS(N,a,¢) for the three minisuperspace variablglapse
Hamiltonian[2]. Thus, depending on whether one retains orfunction), a (scale factorand ¢ (one mode of a scalar figld
drops such a term vyields apparently different Sdimger ~ Which are functions of an arbitrary tinte Upon varyingS

equations for the state of the scalar fig8]. one obtains three Euler-Lagrange equations of motfon
This ambiguity can be understood by noting that, classithe details, see next sections and, e.g., F&j.

cally, the above-mentioned boundary term is generated be- 5S

cause the rescaling of the scalar field by a function of the mE—HzO (Hamiltonian constraint  (1.1)

scale factor of the universe is a time dependent canonical

transformation4]. Therefore, in quantum theory, it is asso- S

ciated with a(possibly unitary transformation between dif- a0 (1.2

ferent Fock space&hoices of the ground state for majter

The ambiguity can then be eliminatg8i by introducing the S . .

invariant Fock space built upon invariant opera{@&kswhich 5_4):0 (Klein-Gordon - equation 1.3
are not affected by a boundary term added to the action.

However, since the matter eneréthe time-time component Since Eq.(1.1) is a constraintN=N(t) is arbitrary and one
of the energy-momentum tengois related to the matter can set, e.gN(t)=1 for t;<t<t; (proper timegauge pro-
Hamiltonian, the interpretation in terms of particle contentyided the initial conditionsi(t;), a(t;), &(t;) andé(t;) are
(or gravitational “weight”) of a quantum state of matter re- gych thatH(t;)=0 (an overdot denotes the derivative with

mains an open question. . _ _ respect td). Then Eqs(1.2) and(1.3) will evolve the initial
The latter is not an academic issue, since, classically, it igjata to any time;<t<t, consistently, since

the matter energy which acts as a source for gravity in the

Einstein equations and determines the history of the uni- ( 5_32
verse. Hence, it is of primary concern to clarify by means of éa
which quantity a quantized state of matter drives the metric dH
at the semiclassical level. In order to do so, we appeal to the < = a9t =0, (1.9
S
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the dynamics. However, for practical purposes it is morescribed by the degree of freeda#). Basically, this fact, the
convenient to revert the above inference and observe that theige amount of matter particles, is the reason we live in a
equation of motion(1.2) for a is identically satisfied pro- semiclassical univerg®]. Consequently, one expects a fail-
vided the Hamiltonian constraintl.1) is enforced at all ure in the semiclassical approximation which leads to Egs.

times along with the Klein-Gordon equati¢h.3): (1.8) and(1.9) for matter stateg containing a small number
of quanta. In fact, this expectation has been systematically
H(t)=0 verified in all the cases studied so fa3-186.
5S When one applies the same scheme to the non-minimally
(ti<t<t;) = —=0. coupled case, a new ambiguity arises because then there is
6a 1.9 no clear way of splitting the action into a matter part and a
5S gravitational part and a preferred classical form for the
%:0 energy-momentum tensor of the scalar field can indeed be

singled out only by requiring covariant conservatigdiv].
S . . Correspondingly, one could write martglassically equiva-

A further simplification is then obtained at the sem|clas—|em) Hamiltonian constraints which, at the quantum level,
sical level, where one can show that both the Hamiltoniarhecome inequivalent “WDW” equations. Interestingly, the
constraint and the Klein-Gordon equation follow from the go factorization(1.7) pinpoints a specific form ofor opera-
WDW  equation obtained by quantizing the super-ior ordering i the WDW equation in order to ensure the
HamiltonianH, existence of the Schdinger equatior{1.9). Further, the BO

N . N reduction then yields a source term for the geometry in the
HV=(Hg+Hy)¥=0, (1.0 semiclassical Einstein equatioh.8) which can be easily re-

) . lated to the time-time component of the propéivergence-
whereHg andHy are respectively referred to as the gravi- |gs9 energy-momentum tensor of the scalar field. However,
tgtional and matter Hamiltonian. In _fact, the BO decomposi-,ch a source is not equal to the expectation value of the
tion for the wave function of the universe, Hamiltonian operator in Eq.9). It is only for the case of

_ minimal coupling that the super-Hamiltonian is the sum of
V(a ¢)=y@x(¢.a), (L.7 the time-timg components of thé&ovariantly conserved
leads to the coupled equations energy—momentum tensor and Einstein tehsor and then the
expectation value of the generator of the time evolution for
N : : : : . the matter state is the semiclassical source of gravity.
Hot+(Hu)=0  (Binstein-Hamilton-Jacobi equat?ins) In the following, we shall argue that the difference be-

' tween the source term in the semiclassical Einstein equation
Ixs - and the operator of time evolution in the Saflirer equa-
ih—=Hyxs (Schrodinger equation (1.9  tion is associated with the different ways matter and gravity

Jt are affected by quantum fluctuations around the mean value

along with explicit conditions on the wave functioisand y of the matter field and by the presence obgueezing 18]

for the validity of such an approximation. We then note thatierm in the Schrdinger equation. This will lead us to define
Eqg. (1.9 is the semiclassical analogue of Hd.1) and the hree different regimes of approximations, namatantum

N gravity, semiclassical gravitgnd an “intermediate” regime
operatorHy in Eq. (1.9 evolves in time stategs of the  jn which quantum gravitational fluctuations are negligible
scalar field in such a way that the expectation valuepof but the trajectory of thecollective) gravitational degree of
over coherent states satisfies the Klein-Gordon equationfreedom senses matter fluctuations. Similar results were
(1.3). If one regards coherent states as being the quantufiound previously in different approaches and, for example,
states which are closest to classical, one can conclude th#te intermediate regime is callextochastic gravityby Hu
the entire semiclassical dynamics is encoded in the singland collaboratorg¢for a review see, e.g[19] and references
WDW equation(1.6) and is properly retrieved by the BO therein.
reduction. The approach employed in the present paper might look
We wish to remark here the fact that the decompositiortotally different with respect to the procedure of estimating
(1.7) is not related to the gravitational scale of mass beinghe back reaction within the framework of quantum field
bigger than any matter scale; therefore Eds8) and(1.9)  theory by studying perturbations of the Einstein equations
do not require an expansion in powers of the Planck masr in the Feynman path integjahround a given classical
[12] (see also[8], where such an expansion is shown tosolution[20]. It has certainly the shortcoming that we start
violate unitarity when incorrectly performgdindeed, the from an effective minisuperspace action in which the degrees
relevant ratio is between the energy of each quanturg of of freedom of the system have been reduced by symmetry
and the total energy of such quanta. This can be understoatguments prior to quantization and subsequent semiclassical
if one considers that the scale factor of the universe is approximation, rather than from the quantized set of equa-
collectivevariable associated with the total energy of mattertions derived from the full Einstein-Hilbert action. However,
in space and that such an energy is presently much biggeve point out that the more standard approach of perturbation
than the energy of each of its microscopic constituédes  theory also reduces the degrees of freedom of Einstein grav-
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ity [21], since it assumes the existence of a classgadidle with k=0,=1 for flat, positive and negative spatial curva-
point) solution (background manifold and metjidrom the  ture, # and ¢ the usual angular coordinates ane [0 )
onset, leaving as remnagfuge freedom only coordinate with r . ;=1, ro=r_;=+0. The scalar curvature is then
transformations and small diffeomorphisms of the back-given by

ground manifold 20]. Both approaches are thus questionable

if one wishes to quantize Einstein gravity, but can be re- 6 (a aN a2 )

garded as hopefully reliable whenever one aims at describing R=Xzla an™ 2 +N"3 . 2.3
gravity in a semiclassical state as we wish to do here.

In the following section we start from the minisuperspaceW
action for a mode of a non-minimally coupled massive scalar
field in a Robertson-Walker space-time and pursue the stan- 1 o o
dard canonical formalism in order to obtain an Hamiltonian d=—— [e'PXP:+e PXPX], (2.4
constraint and the corresponding WDW equation. Then in 2v P P P
Sec. Il we apply the BO approach and obtain the Hamilton-

Jacobi equation for the scale factor of the universe and thehere V=a3V is the spatial volume of the universe, and
Schralinger equation for the state of the scalar field. Byseparate the real from the imaginary part:

making use of invariant operators we solve the Sdimger

equation and show that the source term in the semiclassical r ..,

Einstein equation is the semiclassical extension of the time- Pp(t)= E(%“ ¢5)- (2.9
time component of the covariantly conserved energy-

momentum tensor. In Sec. IV we specialize the results to thgig decomposition yields an effective action for two

massive minimally coupled case, which we briefly reVieW’minisuperspace variables=a(t) and ¢= 4(t) (for the de-
and to the particular cases with=1/6 and 1/4 which we {55 see Appendix A

analyze in more detail. Finally, in Sec. V we summarize and

e also expand the real scalar field in spatial Fourier modes,

comment on our results. 1t »?
We follow the sign convention of Ref11] and definex S= —f dtiad| ——Nw? ¢?
=87G. 2 Jy, N
, |aa? ,d[a
IIl. MINISUPERSPACE ACTION +6(v—E¢7) |~ TNkata“ |/ [ (20

In this section we shall show that the classical dynamics;Nhere —V/x. The actionScan be used to analyZthe real
of a non-minimally coupled scalar field in Robertson-Walker ' = <0 — VI tof fh ded - with Y Hocti
space-time is determined by the Hamiltonian constraint and" 'Madinary part gtany ot the modesv, , with an efiective

; . - iven in Eq(A12).
the Klein-Gordon equation, thus generalizing the re€Lii) requéncyw as given in £q. . I
for the minimally coupled case as described in the Introduc- The above action contains both a second time derivative

tion. of a and a first time derivative di in the same term. The

The (volume part of thg action for the non-minimally ];;’gnﬁ.rcz\;%ur:do?a#]see ptg)nbdlgrgs é‘”}g cLa:sa;ltyear;d r?i?gll’:eso?
coupled real scalar fieldb=®d(x) in a generic four- meat S rd tuler-Lagrange equations

dimensional space-tima1 with metric g is given by[1,22] motion; ~ the ~latter ~breaks ~the presumed - time-
reparametrization invariance of the system. However, we ob-

serve that upon integrating by parts the last term and neglect-

1 1 ing the integrated part as dynamically irrelevéiur further
_ 4y 4 2 2_ . 2q2
S‘l’_ifMd X _Q{R(;_f(b )_(‘9@) —u } explanation see Appendix)Bone finally obtains
@D 1 [t @2 6 a?
sz—f Ndta| s —w? g2~ —(v—E D) (—2—k)
where g=detg, R is the scalar curvaturgu=1/, the in- 2 )y N a N

verse of the Compton wavelength &f and ¢ a dimension- .

less parameter such thg&=0 corresponds to the minimal +12§¢a¢

coupling andé=1/6 yields the conformal couplind®3]. a N2
It is possible to reduce the above action by assuming spa-

tial homogeneity and isotropy so thatt admits a preferred in which there are no second time derivatives ahd

: 2.7)

foliation into spatial hypersurfaces of constant tirend the =N dt is the proper time measure. This is the action we
four-metric is given by the Robertson-Walker line elementregard as properly describing the dynamics of the coupled
[11] variablesa and ¢.
yn o 2 y i ) A. Lagrangian dynamics
ds’=—-Ndt*+a 1—kr? +r(d6%+sir6de )}’ The Euler-Lagrange equations of motion following from

(2.2 the actionS are given by
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2

1éS__H_, , [a P_3¢62a -
BN B 3—é9Y 2 a2 pmayteéat ey (2.14
1 V2 0? 4P 6 a . 0 »g The action(2.7) can then be written in canonical form as
— S (0’ )6 E- ¢ = (2.9

t . ) .
S:f fdt[PN N+P,a+Py¢—NH(P,,Py,a,4)],
4

S a a’ k
525_323 (U—§¢2)(25+¥+; (2.15
8 et o the rather complcated sanomcal farm
—4E- G ¢=2£(P+ 0 ) P
L . H=1{— [aP,—6¢¢ Pyl
+5(62-0? ¢ +25P-P¢?=0 (29 2| 6a’[v—£(1-6¢) ¢7]

p2
—6ka(v—¢&p?)+ a—§’+a3w2¢2]. (2.16

168 |. _a.
;gz— ¢+35¢+w o)
Several remarks are in order. First, the ca&e®,
+6¢ a+éz+k #|=0 (2.10 1 z P’
a a2 a2 T : Tl _Ta T, 3,242
a H 2{ 60a 6kva+a3+aw¢}, (2.17
where we have sdil=1 after the variation to give the ex-
pressions a simple form. This choice is consistent with thénd §=1/6,
fact that the actiort2.7) does not contain time derivatives of 5
N and Eq.(2.8) is then the Hamiltonian constraint. Of course H= 1) (@aPa—¢Py) —6kva
it must be preserved in time and, in fact, 2 6va’
dH . . ) P’
g = —3a(v—¢¢?) (@’+2aatk) +a—§+a(a2w2+k)¢2}, (2.18
+ Eaza(¢2+w2 ) +a% P (d+w? b) are clearly special since these valueg dafimplify the form

of the kinetic term inH, although it is only foré=0 that the
kinetic term is diagonal in the momenia4].

+6¢ag p(3al+k)+6£a’(agp’+pad+oag) Second, therr component of the unique divergenceless
—2,B.Pa 2 [e1n7e]>rgy-momentum tensor as computed according to Ref.
I S . 8S 91
=-ag ¢5—¢ (211

T S (F e 6o d |, 219
TT_U _ g ¢2 2 w a ! :
vanishes identically by virtue of Eq$2.9) and (2.10), thus
generalizing to arbitrary the resultg1.4) and(1.5) valid for  is related to the variation of the action with respect to the
£=0. metric by
The next step is to quantize the system and show that the
WDW equation encodes the entire semiclassical dynamics.

2 6S
In order to do so, one needs to consider the Hamiltonian — :\_AT:(U_§¢2) T, (2.20
form of Eq.(2.9). V=g 49
B. Hamiltonian dynamics where
The canonical momenta conjugated Xy a and ¢ are 1 s 9o )
given by SM=—§Jd4x\/—g[(a<D) +u P+ ERDA].
Py=0 (2.12 (221

. P It is however the(non-conservedquantity on the right hand
a . i .9
_ e 2, @ side(RHYS) of Eq. (2.20 which naturally appears insid¢, as
Pa=—6a(v—£4%) N tefatd N 213 is apparent from Eq2.8) or
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32 scribe the system by means of Dirac variables, but, obvi-
ously, this is not the case f@a and ¢ and their momenta

which do not commute wittH. This problem could be

1 solved by trading the original canonical variables for their
=(v—£&¢?) (TTT— —GTT) initial values(the so callecperennials for a review see Ref.

« [25]). Then one wishes the canonical variables map into Her-

H mitian operators and, further, needs to make sense of the
=(v—§&¢?) —, (2.22  ordering in the kinetic term.

a Since we are interested in the semiclassical limit for the
variable a [26], at each step we shall assume the ordering
which best fits the computation and define a scalar product in
the variable¢ at fixeda as

H
a’

=(v_§¢2) TTT_3 +_2

a? a

whereG .. is the 77 component of the standard Einstein ten-
sor. From Eq(2.11) one concludes that

!

— ~ G GH": 29 , ree N /
dr *? (223 (P @= [ dewan Vi, 62
thereforeG,,=« T,,, or H'=0, is an equivalent statement
of time-reparametrization invarian¢assuming # & ¢2). which renders the operator
In order to lift such a symmetry to the quantum level and R
obtain the WDW equation one might choose eithieor H' Py,=—1%hd, (3.3

(or any other classically equivalent expressjahus obtain-

ing quantum mechanically inequivalent “WDW” equations. Hermitian provided the functionsV =¥ (a,¢) are sum-
However, the existence of the semiclassical limit via the BOmable in¢ < R for any allowed(fixed) value ofa. Analo-

reduction places some restrictions on the form of the Hamilgously we define

tonian constraint. In particular, in order to recover a Sehro

dinger equation from the WDW equation, it is necessary that P,=—ifa, (3.9

the coefficient 01Pfl does not depend on the matter degree of

freedome (see Sec. Il B for more detajlsThis singles out  anda and¢ as multiplicative operators. Since the rangeof

the preferredclassical expression is R*, one should carefully discuss the dependenc® afn
_ a; however, again the fact that we want to recover the semi-
H=W,H classical limit will ease this issue because, strictly speaking,

there is only one allowed value afat a given time along a
(semjclassical trajectory. Hence, it will practically be suffi-

1[_[a Pa—6&¢P,)2

2 6a’ cient to consider small intervals &f" (at a time.

p2 To make all the above more concrete, we consider the BO
+W, _g +alw?p?—6ka(v—¢dd) ” , factorization(1.7) for the total wave function into matter and

a gravity parts and assume the matter functions are normalized

(2.24  inthe induced scalar product

whereW,=W(¢)=v—&(1-6 &) ¢°. (TP (@) tee . ,

We proceed to analyze the quantum version of the Hamil-  (XIx")= m: ﬁx doé x*(¢.a) x'(¢,a).
tonian constraint with the modified super-Hamiltoni@24) (3.5)
in the next section where we shall also show that the BO '
approach guarantees that the metric be driven by the propgten we factor out the geometrical phase by defining
(conserveglsemiclassical £~ component of theenergy mo-
mentum tensor for the scalar field.

- i (fa .
X=exp(—gf (x|Palx) da’

X
Ill. SEMICLASSICAL EQUATIONS

The quantization of the Hamiltonian constrait=0, ~ A ,

= q i , ) , i ¢=ex;{+—f (x|Palx) da’ | ¢, (3.6
with H as given in Eq(2.24), is formally achieved by intro- fi
ducing the operatora, ¢, P, and P, which yields the o
WDW equation so that{ x|P./x)=0.

ﬁ(lsa'lszﬁ ,é,(})) V=0, 3.9 A. Gravitational equation

whereW =¥ (a, $) is the wave function of the universe. Substituting the above definitions into the WDW equation

When dealing with Eq(3.1) as it stands, one has to face (3.1) and contracting ove(r;(| on the left then yields an equa-
several formal problems. First of all one would like to de-tion for the gravitational part,
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1| P2 S Py 68 L.,
> —@+2§<¢P¢>¥_?<¢ Py
A . WP J
—6ka(W, (v—¢ @)+ %Jrast(quSZ) t//]
)P 2& .. . |- ~
=§[ 5a = 2 (PP Pa [ U=0, (3.7

where(O)=(x|O|x) for any operatoiO andW,=v—¢(1

~6¢) 2.
The termA(® on the RHS of Eq(3.7) can be regarded as

describing fluctuations of the gravitational degree of freedom
in the following sense. Upon assuming the space of the mat-

ter functionsy admits a complete orthonormal bajig and
inserting an identity one obtains

(xIf(a,é,P,) (P)x)

(x|f(a,¢,Py)n) (n|(P)9x)

.,

~> (n,a+qdaylx.a), (3.9

wheref is any function ofa, ¢ andP,, q is a (positive
integer andsa,~ (x|f(a,#,P,)|n). Therefore, whend ¥ is
not small[with respect to the LHS of Eq3.7)] the system

PHYSICAL REVIEW [B1 084009

2

Pa 5o\ Pa ° 527852
~ga28(@Py) Zzm 3 (67PY)
. . W, P?
—6ka<W§(v—§¢2))+¥
a
+a% w? (W, $?)=0, (3.12
or, after substituting foP, from Eq.(3.10,
A _ &2
o 8
(W)
1[ (W P2 2<W§:ﬁ2>]
- == +a -
2[(W,)?a® (W,)?
($°P5)—($Py)°
=—3¢2 - =A,. 3.1
3 RREPE P (.13

This expression shows a deep entanglement between the two
degrees of freedom of the system, so that it is not possible to
distinguish a gravitational Hamiltonian from a matter Hamil-
tonian uniquely, as was done in Ed..8), when&+0.

The meaning ofA 4, on the RHS of Eq(3.13 is that it
describes quantum fluctuations of the matter field. In fact,
such a term corresponds to highferorder terms in the ex-

pansion ofy around a classical state, for which

($2P2)=(dP )2+ 0h); (3.14

thus A , measures departures from classicality of the scalar

has a non-negligible probability of spreading over statesje|q and could also be associated with fluctuations of the

n(¢;a’) with a’' #a.
On the other hand, wheA'? is negligible[27] one can

assume is peaked on a given trajectoay=a(7) and is well
approximated by the WKB form

. (39

~ 1 i
IPWKB:—TpaEXl{ + gJ Pa(a’) da’

whereP,=P,(7) is the momentum along the semiclassical
trajectory and the time is correspondingly defined accord-
ing to the semiclassical version of E@.13):

Pa=—6a<\7v§>'a+6§<a> Py (3.10

For

(3.11

|5a~'r’fWKB: Paﬂ’WKBy

“effective” Newton constant, which would explain why
Ay~ £2 [28]. These fluctuations are formally different from
the ones described hy? and associated with the classical-
ity of the gravitational degree of freedom which appear in
Eqg. (3.7). However, it is also expected that both kinds of
fluctuations must be consistently small in a semiclassical re-
gime. In fact, terms likeA , are usually absent in the stan-
dard expressions for the source in the semiclassical Einstein
equations as obtained in quantum field theory in Robertson-
Walker spacg1,19].

WhenA , is negligible, Eq.(3.13 simplifies to

. . 1| (P2 .
3a[(Wy) a2+k(v—§<¢2>>]z§[:—§)+a3 w2<¢2>],
(3.15

which then becomes equal to the classical Hamiltonian con-
straint(2.8) if we replace($?) with ¢2 and(P%) with P.
This shows that the BO approach yields the correct classical
limit for gravity.

At this point it might help in further understanding the
three equation$3.7), (3.13 and(3.15 derived so far to re-
call the three regimes of approximation which were men-

one obtains the semiclassical Hamilton-Jacobi equation fotioned in the Introduction and give for them explicit defini-

a,

tions in terms of the relevant quantities:
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(1) WhenA© andA , are not negligiblgwith respect to  and this explains our previous statement that one cannot al-
the corresponding LHSs in Eq.7) and(3.13)], one is at low for a factor f(¢) multiplying Pf1 in the super-
the border ofjuantum gravityin which gravitational fluctua- Hamiltonian. In that case one would have
tions start to be significant. All the present treatment of the

coupled matter-gravity system, and including the starting ac- N Lo~ . dx

tion (2.7), is likely to lose its meaning wheA® andA , are f(¢) PaPax~f() ——. (3.19
very big, but one can still try to use E(.7) whenever such

terms are not overwhelming. Then, the only way of getting rid of the operatb{®) and

(2) When bothA!? and A, are negligible, one is at the obtain a Schidinger equation is to assume the ordering
opposite limit of semiclassical gravitydescribed by Eq.
(3.195. This provides a good picture of the present day uni-
verse and already contains the description of important ef-
fects related to the quantum nature of matter such as the )
production of particles induced by the evolution of the scaleand write
factora=a(t) [1,15]. 1

(3) WhenA® is negligible, butA 4 is not, one is in the Y= x. (3.21)
“intermediate” regime where matter fluctuations play a sig- f(#)
nificant role in driving the evolution of the metric according Id v find that thi d .
to Eg. (3.13. One might expect that this is a fairly good Hovyevler, one vr\]/ou_ e\I/entuE y fin ft at It' 'ls proce bure IS
setting for the description of an early epoch in the history o quivalent to the(simpley ¢ qce of multip y.|ng H _y
the universe, e.g., near the time of the onset of inflatigj.  1/f(¢) from the onset, as was indeed done by introdu¢ing

We also point out that, in the above scheme, one could Eq.(2.24. o ]
include within matter fluctuations the effect of higher WKB ~ UPon substituting in foiP, from Eq. (3.10 yields
orders in the expression fog (representing “collective Py
gravitational fluctuations), which might play a significant i % _X:[QS_<|:|S>];(+ A;m)”)“(’ (3.22
role at both stage€) and(3) [29]. ar

We finally note that, so far, we have not chosen a specifi(\:Nhere
ordering betweerf/) and I5¢ to keep the discussion as general

as possible. 1 [Wg ﬁfﬁ

~ d|~ 0 ~ o~
f(®) 7| X=5-[[(H) X, (320

=l —L+alw?p?—6ka(v—¢d?)

B. Matter equation
Let us now turn to the equation for the matter state. Upon
subtracting Eq.(3.7) from Eq. (3.1) and dividing by ¥
=g ONe obtains

a. .
+3kavz]—6§a¢P¢

,2(3Pg) 3P, 7P

. 3¢ - (3.23
Pa Pa f ~a f An ~ ~ oL~ \Wi a3
|7 -2 5(BP 25 P, AL (RY | X (We)
and
1r’§—<ﬁ’§> E o e
== ——2—2(¢P¢Pa_<¢P¢Pa>) X 1 § ~ o a B
2l 3a  a M=ot | 2 (3PPt (8P,) Py
(3.16 (We)
Lo oo PI-(PD
where we have also used E®.11) and (PP, P))— BRI (3.29
LW, P R R represents the effect of gravitational fluctuations on the evo-
Re=—| =5+ alw?p?—6ka(v—£&d?) lution of matter as\{? does for the gravitational state.
a Finally, by neglectingA{™ and rescaling the matter wave
a)z p2 function,
—382— %1 3kav? (3.17

a3

v 1 [ ario |

From Eq.(3.10 one obtains i
:exp(—%Jdrms—iﬁaT))X, (3.29

. .8 4
PaPa~ifaz =it B8 he obtains the Schdinger equation

084009-7
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iﬁE=HsXs- (3.26 wi=w’+6¢

k a?
26 g; . (3.30

One can make use of E(B.13 to substitute fom in the ~ The latter quantity must be strictly positive, thaf ]

operatorH s which appears on the RHS above and generates
the evolution of the matter state along the semiclassical tra-
jectorya=a(r), thus obtaining a fairly complicated expres-
sion which does not naively compare to the matter source
that appears in the semiclassical Einstein equat3obd. which is always satisfied for a minimally coupled massive
For a generic value df it looks hopeless to finthvariant  (u#0) scalar field, but places restrictions on fthtubble
operators{5] for the complicated HamiltoniaHs, butitcan  ratio h=a/a for all other values of the parameteys,
be done at least when terms of order™ are negligible 5.5 5ngk |n particular, the case=k=0 is excluded from

; (m) _ A(9) - i ; . . .
[along with AZ™~AZY; see casd?) in the scheme of ap-  he present analysis. The Hamiltonian can then be written as
proximations of Sec. Ill A Then

Z-az 2 k
36¢ =0 +6¢, (3.30)

. a1
W~v, (3.27) Hs=h w¢| ajag+ 5 |; (3.32
and Eq.(3.23 reduces to however, this does not imply that the model contains states

with a fixed number of quanta.
In fact, exact solutions of Eq3.26) are constructed from

» the invariant operatorb, andb] [31],

. 1P} , -
He=5| 5 +a(a®0’+6£k) $*—6¢_($Py+P,9)

aS
(3.28 1 (3
- 6=—f—+i[p Py—(a%p +6§a2ép><}s]},
where we have also symmetrized the prodid?,. Such a ¢ V2h (P e ¢ ¢
term is related to thequeezingf the matter statésee, e.g., (3.33

the review in[18]) and it is remarkable that it appears in the .
operator that evolves the state of the field In fact, upon according to
guantizing the scalar field in a Robertson-Walker universe, i
one obtains a squeezing term in the Hamiltonian for the res-|n, 7= exp( — _f dr’ (n,7'| As—i% ,97|n17f>5) InYe,
caled field{=a ¢, which is however absent in the Hamil- h
tonian for the unscaled@ [3]. Since the squeezing is also (3.34
related to the decoherence of classical soluti@is19, this
. . : where
might have interesting consequences for the onset of a clas-

sical universe. (BhH"
It is important to note that neglecting terms of order |n>§EL|O>§, (3.35
v~ 1=«k/V is tantamount to performing an expansion in the Jn!

Newton constant and neglecting terms of ordeand higher.
In fact, a (infinite) factor of V has been absorbed in the and we remark that the phase in £8.34) is the same that
definition of ¢? [see Eq.(2.4)]; therefore one can formally relatesys to (the time-independenty in Eq. (3.29. The
setV=1 and takev = k" henceforth. As explained in Ref. functionp.=p.(7) is a solution of the equation

[8], the expansion ik must be performed carefully in order

. . . . 42
to preserve unitarity and, indeed, in the present paper we - a. 2 a _ 1
expand after completing the BO reduction which yields the PéT3zPet| @ +&| RT6(1-6 'S); P36 p3

Egs.(3.13 and(3.23. Had we expanded and truncated the (3.36
original super-Hamiltoniaf2.8) before applying the BO ap-
proach we might have been led to an unphysical picture iwith R the scalar curvatur€2.3) in the gaugeN=1. We
which, e.g., one neglects the matter souifeorder«®) with  observe that setting the RHS of the above equation to zero
respect to the gravitational paif order «1). yields the classical Klein-Gordon equati@®.10 only for

For the above approximate Hamiltoniiy, one finds that  the two caseg=0,1/6.

the annihilation and creation operatars anda; are given By introducing the new variable

by U§5a3/2p§, (337)
. [y . i [Py  a. one simplifies Eq(3.36) to the form
where the effective frequency is O¢

084009-8
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where

02=w?+6 k+316 1-3 1az+34 1%;1

= ¢ 4[ &( &) ]a2 5(4¢ )a-
(3.39

We then note that another special case is obtainedéfor
=1/4 in flat space, sinc€q,= w for k=0. This case is of
interest also because every solutignof the (free) Dirac

equation in curved space-time satisfies the Klein-Gordon

equation

(O+u?+&R)n=0, (3.40

whereé;=1/4[1,32]. Therefore, one can consider the scalar
field with £&=1/4 as the analogue of a minimally coupled
fermion field.

Providedi'rg is negligible, a solution to Eq3.38 is given
by
agzﬂgl’z. (3.4)

One then finds that(n,| N |n,7)s= «(n,7| al a,|n,7)s is

generally a time-dependent quantity. Also, in general there

exist suitable initial conditiongat 7= 7;) such that

1

\/wg(To)

0'§( T0)=

=by(r0)=a(m), (3.42

3a( 7o)
Ug(To):WTZ)(Tg(To),

and the statén, )5 then describes exactly (Hamiltonian
guanta atr=7y. In the following we shall often find it con-
venient to considety> 7; corresponding to a period @él-

mosb adiabatic expansion with<1.

PHYSICAL REVIEW D 61 084009

where we have neglectell;~v % and @ ~« 1)

. 1|P3 .

Av=>5 —Z,’+a(a2w2+6§k) ¢Zl. (3.44
It then follows that the expectation valueHq

= «(n,7|Hg|n,7)s can be expressed in terms of the function
o as[31,33

Al 0V, k(9 A
HSZE FH-E w +6§gg+ 2_365 ? O'§+0'§
a . 1
_350'§O'§+ O'é ’ (343

and, after subtracting the squeezing term, one finally obtains
the “weight” Hy,= (n,7/Hy |n,7)s as

Hp, i +1 216 k+ 9+18 2&6-1 @l 2
=5|(nt3]{|e vadn §(§)azog
- a . 1
+0'§+3(4§—1)50',50'§+0_—§ . (3.46

At least fora large, one expects that terms proportional to
a and higher time derivatives a&f become smal[with re-

spect tow or k/a; see condition3.31]. In this approxima-
tion one then has, to next to leading order,

3 1-16£(1-39) a_2

—1/4
~| 2 —
o=|w +6§a2) >

We conclude this part by recalling that it is usually stated

that the correct way of counting particles in quantum field

theory on curved backgrounds is not by means of the number g§

operatorN~Hs but by introducing a(localized detector
coupled to the matter fielffL]. In the present context, one

might also dispute that there is the alternative option of
counting the number of particles by making use of their

“weight” as it appears in Eq(3.13), since this is what drives
the observable. We shall further investigate this point in
the next sections.

C. Coupled dynamics

In the samgsmall ) approximation(3.27) which led us
to the Schrdinger operatoHs in Eq. (3.28, the gravita-
tional equation3.15 becomes

a® k| _ (Hw)
3 ¥+gz K a3 y (343)

k a
2
w +6§52
3 1-4 a
+— ¢ —
8 246 5 a
w §a2
k “54(p.p k

The next step is to substituk,, in Eq. (3.46) with the above
expression foro, into Eq. (3.43 which yields amaster
equationfor the scale factor of the universe=a(r).

This master equation can then be integratdlieast nu-
merically) for different choices of the parameters. The latter
must be so chosen that the following conditions hold:

(1) (a/a)? and a/a must be small with respect t@?
+k/a?, as is required by the conditiof8.31), and the ap-
proximate expressiofB8.47) can then be employed.

(2) The number of invariant quante>1 in order forA (9
andA{"™ to be negligible[13—16.

(3) The effective volume of the universea®/n>1/w so
that A, is negligible andHg can be approximated by Eq.
(3.28. This last condition can also be written as

084009-9
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as A. Minimal coupling

n< I2I¢,’ (3.48 For £=0 the separation between matter and gravity is

clear from the outset, since the semiclassical equd8did

which is like a dilute gas approximation, ahg= V% « is the for alis given by

Planck length. « <|52>
In the following section we shall try and relax the condi- 3a(a?+k) == ( YA 33 2 @2)) i (4.1
tion (3) to estimate the effects of matter fluctuations. 2\ at

As we mentioned at the end of Sec. Il B, one could think
of using the quantityH,, to measure the actual energy of where therr component of the energy-momentum tensor,

matter in the universe. Thus, one is led to idenfy(T7) 1((P2)
=V(T7)=—H,, and impose the conservation law ad(T,,)= > ( —‘3’5 +adw? (c}z)) , (4.2)
a
V~<'T'>=O, (3.49 equals the expression that is obtained by quantizing the field

¢ on the Robertson-Walker background and taking for the
energy density the expression given in Eg.19 for £=0.

This shows the equivalence of the BO approach for the mini-
mally coupled scalar field to the computations performed in

anticipated at the end of Sec. Il B, this shows that the Bdhe more common framework of quantum field theory on

reduction automatically provides the correct expression fO(I;urved backgrounds. ] e ] .

the energy-momentum tensor in the semiclassical Einstein One also has the identity Hs=Hy, and the invariant

equations. annihilation operator, for the cases when0 [see Eq.
Since the scalar field i&classically equivalent to a per- (3.31], reduces to the simple form

fect fluid [11,17], we can assume the preferred foliation of A

the space-timeM in which the four-metric takes the form b :L ﬁﬂ ( P —ad, :ﬁ) 4.3

(2.2) corresponds to the frame comoving with this fluid of o 2% Lpo PoTg™ S Po @) '

(gravitating energyH,, (see note irf26]). The (semiclassi-

cal) energy-momentum tensor of the scalar field in the cowith the functionpy=po(7) determined by the equation

moving frame can be written 441]

which is consistent with the fact that the LHS of £§.43) is
recognized as ther¢ component of thestandard Einstein
tensor for the Robertson-Walker metfgee Eq.(2.22)]. As

. a. ) 1

pot3 7Pt po= 53 (4.9
N a“ pg

(Ty=diag

H
—Tm,p,p,p}. (350
This yields the exactinvarian) Fock space of statg),

with which one can also build coherent states,
wherep is the pressure. The spatial components of(Bat9

then imply thatp=p(7), in agreement with the hypothesis bo|a)e=a|a)o, (4.5
of homogeneity and isotropy, and thecomponent of Eq. .
(3.49 yields the expected relation such that the expectation value
. ¢C(T)Es<av7| ¢|0‘v7'>s (4.6
oH ., Hn
P== 5y = 3aa (3.5)  satisfies the classical Klein-Gordon equatith10 for &
=0 [15]:

which can be used to determine the pressure ¢hg@nda . a. )

have been obtained. Here we only observe that one has dust ‘f’c+3g¢’c+ ®” ¢c=0. (4.7
(p=0) wheneveH , is constant.

This is the last step required to show that the semiclassical
dynamics ofa and ¢ can be retrieved from the WDW equa-
tion alone when the scalar field is minimally coupled.

It is clear from the previous analysis that the cages  For the homogeneous mode in flat spaesk=0, the
=0,1/6 are particularly simple for a variety of reasons, in-approximation(3.47) yields
cluding the fact thatWy=W,,=v. Thus, we now review the
minimally coupled case and study in detail the conformally
coupled case. We shall also consider the case ¥ithi/4
(the analogue of a minimally coupled fermion figlébr
which the invariant structure is particularly simple in the wherem =% u is the(inertial) mass of one scalar quantum.
limit (3.27) whenP=k=0. Apart from the value of the numerical factor multiplying the

IV. SPECIAL CASES

2 .2
9I¢a

1+
8a?

L1
"3

Hm=Hs=m, : (4.9

084009-10
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second term inside the square bracketgjs essentially the

same as the analogous quantity computed in Sec. IV B 1; we ‘2‘;_

therefore do not analyze the cage 0 any further and refer
the reader to Ref.15] for its application to chaotic inflation.

B. Conformal coupling

For £=1/6 one has again a considerable simplification in P

the semiclassical equatidB.15 for a,

(P
a3

3a(a?+k)— =

> +a(a? w?+k) (p?)

2

== (B PR3Py, (4.9

but matter fluctuations do not disappeaX 4#0). Corre-

PHYSICAL REVIEW D 61 084009

224

18] 3

kY
16
1.4]

129

08

069

0.4

FIG. 1. Evolution of the scale factoes, andag for n=pu=1
anda(0)=1; h,, andhg are the corresponding Hubble coefficients.

There is then an obvious difference betwegpandag; that
is the velocity of the former is always finite fa=0, while

spondingly, the Hamiltonian which evolves the matter stateghe velocity of the latter diverges for a finite positive value of

is given by

X _1 ‘2l5 2 2 2
HS_E ;Jra(a w+K) ¢
(6Py) a| o o . PP
+(60a3_5)(¢P¢+P¢¢)_60a3
(4.10

and by Eq(3.28 (with £=1/6) when terms of ordar ! are

a [after the dilute gas approximatio(8.48 has broken
down].

In order to show the difference explicitly, we give a first
example in Figs. 1 and 2, where we consider a couple of
solutions of the above equation4.13 and (4.14 with |,
=n |S|</>:1 (in natural unitsh=«k=1). Further, we have
chosena(0)=1 for both equations so as to avoid the singu-
larity in a5 and compare two trajectories starting at the same
value. In Fig. 1 we show the trajectori@s, and ag along

with the corresponding Hubble coefficierits,=a,,/a,, and

negligible. In the following we shall assume such an ap-Ns=as/as and in Fig. 2 we ploH[an], Hfam] andHg
proximation and use the expressions given in Secs. Il B ang&H as]. It is interesting to note that, although the number

[Il C for the invariant Fock space with=1/6.

of invariant quantan, remains constant in time for the exact

We can then study the evolution of the scale factor of thesolution|n)ys, the number of quantdN~Hs, as computed

universe corresponding to a matter content giverjiys.
For this we can easily estimalé, andH ,, by employing the
expression fowryg given by Eq.(3.47).

1. Homogeneous mode in flat space

For P=k=0 one has

H (1 3"2”-612) (4.1
=nm,|1- .
" ¢ 8a?
H 1 5"2’5a2) (4.12
=nm,| 1+ . .
s ¢ 8a’

Upon substituting Eg4.17) into Eq. (4.9 we get the trajec-
tory a=a,,(7) as a solution of the master equation

2 2

3é2:|_p 83n|¢a
e

ly 8a+nljly

(4.13

Had we used instead E(.12 we would have got a differ-
ent trajectorya=ag(7) which solves

2 2
I, 4nl,a

3al=r"
4a°-3n12l,

=— (4.19
lg

from the expectation value of the Hamiltoniah decreases
and, on the contrary, the “weightH,, of the state|n)s
increases. The quantity represents what the “weight” of
the state would be were the squeezing factor totally absent.
At late times —0) terms proportional td, and its de-
rivatives vanish{adiabatic limi} and the three quantities con-
verge to the same value. This is well suited if one aims to
study the evolution of the universe assuming to know its
present statgsee Eq(3.42)].

In Eq. (4.13 there are two parameters one can vary, that
isl, andn. In Fig. 3 we show the effect of takingl}/= u

FIG. 2. Plot of the three quantitiés,, ,
the text for the case in Fig. 1.

Hs andH¢ as defined in

084009-11
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-am)

FIG. 3. Evolution of the scale factors,, and a; for u

=1, 10, 100.

0

T

FIG. 4. Evolution of the scale factora, and ag for n

=1, 10, 100.

02 04 06 08 1 12 14 16 18

FIG. 5. Hubble coefficients,, for the trajectories,, in Fig. 3

with =1, 10, 100.

0

01
41

0.03: H h

0.064

0.04

0.029

0 2 4 6 8

FIG. 6. Hubble coefficients,, for the trajectories,, in Fig. 4

with n=1, 10, 100.

1

0
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FIG. 7. Evolution of the scale facta,, for a,,(0)=0.2, the
corresponding Hubble coefficieht, and the ratios between veloc-
ity and acceleration o&,, and w.

=1, 10, 100 (with nl31,=1) on botha, and a5 with
a(0)=1 and in Fig. 4 the effect of changingn

=1, 10, 100(with x=1) on a,, andag with a(0)=5. In
Figs. 5 and 6 we plot the corresponding Hubble coefficients
h,,. In particular one can see from Figs. 4 and 6 that both the
scale factor and the Hubble coefficient scale with a positive
power ofn, as one expected from the fact thét,~n.

Since Eq.(4.13 does not forbida,,(7) to approach zero,
we also plot in Fig 7 a trajectory withu=n Iﬁ | ;=1 which
starts ata,(0)=0.2 and the corresponding Hubble coeffi-
cienth,. In the same graph we also show that terms propor-

tional to a?/a? and (@/a) (a%/a?) are negligible for the tra-
jectorya,, as is required by the approximati¢8.47). Figure

8 reproduces the behavior Bff,, andHg. In particular, it is
now apparent tha, starts out at about zero and does not
diverge for a,,(0)—0. However, in this casen Igld)
~a®(7) and the conditior(3.48 is violated. Thus, we have
also plotted

4 2
Ipn

~RT 2403

(4.15

to compare its relevance with respectHg,.

SinceA , dominates at sma#, we have computed a cor-
rected trajectory.=a.(7) with a(0)=0.4 which we plot in
Fig. 9 together with the corresponding Hubble coefficient

0 02 04 06 08 1 12 1.4 16 18 2
T

FIG. 8. Plot ofH,,, Hs and|A =—A, for the trajectory in
Fig. 7.
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027 02 04 06 [ i 12 14 16 18 2 o o1 02 T 03 o4 08

FIG. 9. Plot ofa, anda,, with a(0)=0.4 and the corresponding ~ F!G. 11. Plot of the trajectorg, with P-P=n=1, k=0 and
Hubble coefficienth, . a(0)=0.21.

and a trajectona,, with the same initial condition. Finally, C. Fermionic coupling

in Fig. 10 we display the behavior of For £=1/4 andP=k=0 one finds that
He=Hn+A4, (4.16 1
01/4:\/—— (4.19
together withH,,, andH for the trajectorya; . ®
is an exact solution of Ed3.38 which holds in the approxi-
2. Massless modes mation (3.27). It then follows that
This is also a remarkable case, corresponding to what is
usually considered true conformal couplifigecause ofu Hmn=Hs=nm,, (4.20

=0). Indeed, in the approximatioi3.47) we find that there o . )
is no difference between the gravitational “weight” and the which is a constant. The cc_)rrespondl_ng _master equation for
expectation value of the Hamiltoni&?hs, the scale factor, once one includag, is given by

" ay? 12(1 nl 4o
Hy=Hs=n_(P-P+k), (4.17) * Tl ) @29

oo We plot the solutiore, for a(0)=0.4, in Fig. 12, together
whereP-P+k must be strictly positivgésee Eqs(3.31 and with the Hubble coefficienth, and the gravitational
(3.47)]. “weight” H., and observe that the qualitative behavior of

Since the termd , in Eq. (4.19 again dominates for small these three quantities is similar to the one of the analogous
a, the scale factor is determined by the master equation  quantities for the massless conformally coupled scalar field
described in Sec. IV B 2.

- nlf, .. nI,Z)
a'=g52| P-PTk= 57z 7k (4.18 V. CONCLUSIONS

. . . In this paper we have analyzed the dynamics of a mode of
In Fig. 11 we plot the solut|o.rac'=ac(7“) Of, Eq’., (4.18, its 4 real scalar field non-minimally coupled to the Robertson-
Hubble coefficienh; and gravitational “weight”H. for the  \yaker metric. Starting from the Wheeler-DeWitt equation,
modeP-P=n=1 in flat spacek=0, anda.(0)=0.21. we have employed the Born-Oppenheimer approach which

0 02 04 08 08 1 12 14 16 18 0 02 04 05 08 1 12 14 16 18 2 22 24 26 28
T T

FIG. 10. Plot ofH., H,, andH for the trajectorya. in Fig. 9. FIG. 12. Plot of the trajectorg, with a(0)=0.4, h, andH..
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has then led us to a semiclassical picture in which the state ahight then consider inhomogeneous fluctuations of matter
the scalar field is evolved by a Schliinger equation and the fields perturbatively on the background determined by the
scale factor of the universe by a semiclassical Hamiltonimaster equations obtained in this paper and estimate, e.qg., the
Jacobi equation. The main result is that, for generic couplinggffect induced on the spectrum of the cosmic microwave
the expression for the gravitational “weight” of a matter background radiation.
state is not naively related to the Hamiltonian operator ap- We wish to conclude by mentioning that further possible
pearing in the Schidinger equation and evolves in time dif- extensions of the present work include_a deeper analysis of
ferently with respect to the expectation value of the latterPurely quantum effects, such as those induced by the super-
Correspondingly, the scale factor of the universe evolves ad20Sition of several matter statg83] or the geometrical
cordingly to a non-trivial master equation. phase appearing in ECB'34) and the RHSs of _Eq$3.7) and

By choosing the parameters of the model so as to obtain 16, and different couplings between gravity and the sca-

7 i . . . ar field, such as those in scalar-tensor theories of grafoty
Schralinger equation for which the exa@varian) Fock a recent review see Reff34]). All such extensions would

space can be constructeq using known methqu, we have‘u'fect the evolution of the background and, eventually, of
studied such master equations for the cases which are mos homogeneous fluctuations of the matter fields

treated in the literature, that is the massive minimally
coupled ¢=0) scalar field and both massive and massless
scalar fields withé=1/6. Further, we have considered the

homogeneous mode of a massive scalar field \iil/4 in We thank G. Venturi for useful discussions. R.C. thanks
flat space whose Klein-Gordon equation is formally the sam&/. Frolov for stimulating suggestions.

as the one satisfied by minimally coupled Dirac fields and for

which the dynamics of the scale factor shows remarkable APPENDIX A: ACTION FOR @

qualitative similarities with the case of the massless confor- For £=0 the scalar field potential in the actig@.1) is

mally coupled ¢€=1/6) scalar field. _ ) .
_ . o guadratic in® and different modes in the suif2.4) de-
For £=1/6 we have explicitly shown that the gravitational couple, while, foré#0, one expects that the terd? R in-

“weight” H,, of a given massive matter state increases in . . o ; Y
uces interactions via “graviton exchange.” In any case,

time, at least during the early stages of the expansion. In thgravity would respond to the sum of all modes; thus, for the

spirit of the principle of equivalence, according to which the ake of simplicity, we shall consider a scalar field containin
gravitational mass of a particle equals its inertial mass, thi§ phcity, 9

can be considered as the signature of real particle productioRNlY one mode of fixed wave vecto,
In fact, although no local detector has been introduced, one 1
can regard the scale factor itself as an observable quantity, _ lies L
e.g., by means of measuring the recession of galaxies, and ®= \/v[cos{p X) 1+ SiN(p-X) 42, (AL)
relate the counting of particles to its evolution.

We also found thats, the expectation value of the mat- where ¢,= ¢115 and ¢2E¢E, The scalar producta-b
ter Hamiltonian in the Schobnger equation, generally de- E,yijaibj, with y;;=g;; /a2 (i,j=r,6,¢) andg as given in
preases(or stays consta}qt Because of the d|ﬁerept behav- Eq. (2.2, is time independent. One then finds
iors of H,,, andH, one might conclude that there is a failure
of the principle of equivalence, since one would expect that 1 .. L. L.
the energy by which a matter state is evolved in time is the ®2=v[co§(p~x)¢§+ SIP(p-X) p5+siN(2p-X) b1 ¢o],
same that gravitates. Were this observation proved correct, (A2)
the massless conformally coupled scalar field and the homo-
geneous mode of a massive scalar field with1/4 in flat  and an analogous expression fér)2. The integration over
space would stand up as very peculiar, since for tk@srfor  the spatial volume yields the following constant coefficients
the minimally coupled scalar fieldthe two quantities are (y=dety):
equal and the equivalence between inertial mass and gravi-
tational mass would therefore be preserved for the massive
case withé=1/4 (thus suggesting an analogous result for
fermions.

However, we point out that, whilél,, was shown to be
the semiclassicdkime-time component of thaunique cova-
riantly conserved energy-momentum tensor and has naturally
a physical meaning as the energy of the perfect fluid modsince the three-metrig is isotropic, the direction o can-
eled by the scalar fieldils cannot be related to any directly not affect the value of the above integrals so taiandV,
measurable qugntmes in our treatment. .Hen_ce it is r]ot Cleatﬁepend at most on the modulﬁsﬁ. Further, homogeneity
whetherH, carries any physically :ilccessmle information, al- y implies that
though the corresponding operatdg plays a fundamental
role for the dynamics. In order to enlarge the number of R
observable quantities and make testable predictions one J d* \ysin(2p-x)=0. (A4)
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After recalling that This shows that the actiof?2.6) can be used to describe the
dynamics of(the real or imaginary part peach mode of the
VEJ Px (A5)  real scalar field.
and, settingg,=0, one then obtains an action for the real APPENDIX B: BOUNDARY TERMS
part of @,

The procedure which leads to the acti¢h?7) from the

1 (4 2 one in Eq.(2.6) is the analoguéfor generic¢) of what is
Sl=§J N dt &3 VC >~ 297 (——gvc i) R, done in general relativity when one defines the Einstein-
4 K Hilbert action ag11]
(A6)
with 1 1
SEH:—J d*\—g R——J d’x K, (Bl
. oo 2k Jm K Jom
_Vepp Ve o (A7)
1TV iz TV

whereK is the extrinsic curvature of the bordémM of the
and, setting$, =0, an action for the imaginary part, space-time manifold\. In the above, the surface integral
evaluated o M precisely cancels all the troublesome terms
\Y Vs , inside the volume contributiofincluding first time deriva-
< ¢y P2/ R, tives of the lapse function and second time derivatives of the
(A8) three-metrig. _
For the Robertson-Walker metri@.2) one has thakK
with vanishes at the time-like borderr, and the only contribu-
tion to the surface integral comes from the hypersurfdces

Veds
V_[\|2_w2¢2 +

1 [t
Szz—f N dt a’
2 J,

Vep-p V =t; andt=t;:
2_ V¢ s 2
w=7 2 +V,LL. (A9)
- 3 ,a ff 1t d 2;’:1
For the homogeneous modp=0, one hasvV.=V and P d°x K=3; a Nl T3 dtﬁ 6va Nl
V=0, so thatS, vanishes an®, coincides with the expres- M t f
sion in Eq.(2.6) with ¢=¢; andw= u. (B2
For 5# 0, bothV, andV; are strictly positive and one can
rescale the fields according to It therefore appears natural, fé¥- 0, to generalize the stan-
dard prescription to
Ve Vs
d=\ ¢ |Oor o=\ 92/, (A10) _
1f d*x K 1f’dtda 2222 (B3
H H “ H ” — X — _ — —
and correspondingly define an “effective” wave vector % o -5 , Ot (v=¢¢7)agl (B3)
B=\/h B= /o A1l
- V_CIO or F= V_Sp : (ALD) in order to eliminate unwanted terms from the acti@m®)
. _ _ . and obtain the forn{2.7).
so that the actior, (S,) for the real(imaginary part ¢ is Of course one could also consider other ways of proceed-
again equal to the expression in Eg.6) with ing and, e.g., allow for terms containiray However, the
5.p requirement that time-reparametrization remain an invari-
w2=.—2+,u,2. (A12) ance of the systemRy=0) seems to favor the above
procedure.
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