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Nonminimally coupled scalar fields in homogeneous universes

G. L. Alberghi,* R. Casadio,† and A. Gruppuso‡

Dipartimento di Fisica, Universita` di Bologna, and I.N.F.N., Sezione di Bologna, via Irnerio 46, 40126 Bologna, Italy
~Received 19 November 1999; published 21 March 2000!

The equations governing the evolution of non-minimally coupled scalar matter and the scale factor of a
Robertson-Walker universe are derived from a minisuperspace action. As for the minimally coupled case, it is
shown that the entire semiclassical dynamics can be retrieved from the Wheeler-DeWitt equation via the
Born-Oppenheimer reduction, which properly yields the~time-time component of the! covariantly conserved
energy-momentum tensor of the scalar field as the source term for gravity. However, for a generic coupling, the
expectation value of the operator which evolves the matter state in time is not equal to the source term in the
semiclassical Einstein equation for the scale factor of the universe and the difference between these two
quantities is related to the squeezing and quantum fluctuations of the matter state. We also argue that matter
quantum fluctuations become relevant in an intermediate regime between quantum gravity and semiclassical
gravity and study several cases in detail.

PACS number~s!: 04.60.Kz, 04.60.Ds, 04.62.1v, 98.80.Hw
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I. INTRODUCTION

Non-minimally coupled scalar fields have been exte
sively used in the literature to account for higher loop qu
tum corrections to the theory of scalar fields in the gene
relativity theory of gravitation~see, e.g.,@1# and references
therein!. However, contrary to the minimally coupled cas
quantization of such fields in the framework of quantum fie
theories on a classical curved background makes an amb
ity apparent. In fact, there appears a boundary term in
action for the scalar field which arises when using resca
fields and whose presence changes the canonical m
Hamiltonian@2#. Thus, depending on whether one retains
drops such a term yields apparently different Schro¨dinger
equations for the state of the scalar field@3#.

This ambiguity can be understood by noting that, clas
cally, the above-mentioned boundary term is generated
cause the rescaling of the scalar field by a function of
scale factor of the universe is a time dependent canon
transformation@4#. Therefore, in quantum theory, it is ass
ciated with a~possibly unitary! transformation between dif
ferent Fock spaces~choices of the ground state for matte!.
The ambiguity can then be eliminated@3# by introducing the
invariant Fock space built upon invariant operators@5# which
are not affected by a boundary term added to the act
However, since the matter energy~the time-time componen
of the energy-momentum tensor! is related to the matte
Hamiltonian, the interpretation in terms of particle conte
~or gravitational ‘‘weight’’! of a quantum state of matter re
mains an open question.

The latter is not an academic issue, since, classically,
the matter energy which acts as a source for gravity in
Einstein equations and determines the history of the u
verse. Hence, it is of primary concern to clarify by means
which quantity a quantized state of matter drives the me
at the semiclassical level. In order to do so, we appeal to
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principle that time-reparametrization invariance is a fund
mental property of any gravitational system which also g
erates the dynamics and be lifted to a quantum symme
Then, one expects to have a Hamiltonian constraint fr
which the Born-Oppenheimer~BO! reduction@6–8# allows
one to properly and unambiguously recover the semiclass
limit starting from the Wheeler-DeWitt~WDW! equation
@9,10#.

The above scheme has proved remarkably successfu
the minimally coupled scalar field in Robertson-Walk
space-time@11#. In that case one starts with an actionS
5S(N,a,f) for the three minisuperspace variablesN ~lapse
function!, a ~scale factor! andf ~one mode of a scalar field!
which are functions of an arbitrary timet. Upon varyingS
one obtains three Euler-Lagrange equations of motion~for
the details, see next sections and, e.g., Ref.@8#!

dS

dN
[2H50 ~Hamiltonian constraint! ~1.1!

dS

da
50 ~1.2!

dS

df
50 ~Klein-Gordon equation!. ~1.3!

Since Eq.~1.1! is a constraint,N5N(t) is arbitrary and one
can set, e.g.,N(t)51 for t i<t<t f ~proper timegauge! pro-
vided the initial conditionsa(t i), ȧ(t i), f(t i) andḟ(t i) are
such thatH(t i)50 ~an overdot denotes the derivative wi
respect tot). Then Eqs.~1.2! and~1.3! will evolve the initial
data to any timet i,t<t f consistently, since

5
dS

da
50

⇒ dH

dt
50,

dS

df
50

~1.4!

which proves that the Hamiltonian constraint is preserved
©2000 The American Physical Society09-1
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the dynamics. However, for practical purposes it is m
convenient to revert the above inference and observe tha
equation of motion~1.2! for a is identically satisfied pro-
vided the Hamiltonian constraint~1.1! is enforced at all
times along with the Klein-Gordon equation~1.3!:

5
H~ t !50

~ t i<t<t f ! ⇒ dS

da
50.

dS

df
50

~1.5!

A further simplification is then obtained at the semicla
sical level, where one can show that both the Hamilton
constraint and the Klein-Gordon equation follow from t
WDW equation obtained by quantizing the supe
HamiltonianH,

ĤC[~ĤG1ĤM !C50, ~1.6!

whereHG andHM are respectively referred to as the gra
tational and matter Hamiltonian. In fact, the BO decompo
tion for the wave function of the universe,

C~a,f!5c~a!x~f,a!, ~1.7!

leads to the coupled equations

HG1^ĤM&50 ~Einstein-Hamilton-Jacobi equation!
~1.8!

i\
]xs

]t
5ĤMxs ~Schrodinger equation!, ~1.9!

along with explicit conditions on the wave functionsc andx
for the validity of such an approximation. We then note th
Eq. ~1.8! is the semiclassical analogue of Eq.~1.1! and the
operatorĤM in Eq. ~1.9! evolves in time statesxs of the
scalar field in such a way that the expectation value of̂
over coherent states satisfies the Klein-Gordon equati
~1.3!. If one regards coherent states as being the quan
states which are closest to classical, one can conclude
the entire semiclassical dynamics is encoded in the sin
WDW equation~1.6! and is properly retrieved by the BO
reduction.

We wish to remark here the fact that the decomposit
~1.7! is not related to the gravitational scale of mass be
bigger than any matter scale; therefore Eqs.~1.8! and ~1.9!
do not require an expansion in powers of the Planck m
@12# ~see also@8#, where such an expansion is shown
violate unitarity when incorrectly performed!. Indeed, the
relevant ratio is between the energy of each quantum of
and the total energy of such quanta. This can be unders
if one considers that the scale factor of the universe i
collectivevariable associated with the total energy of mat
in space and that such an energy is presently much bi
than the energy of each of its microscopic constituents~de-
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scribed by the degree of freedomf). Basically, this fact, the
huge amount of matter particles, is the reason we live i
semiclassical universe@9#. Consequently, one expects a fa
ure in the semiclassical approximation which leads to E
~1.8! and~1.9! for matter statesx containing a small numbe
of quanta. In fact, this expectation has been systematic
verified in all the cases studied so far@13–16#.

When one applies the same scheme to the non-minim
coupled case, a new ambiguity arises because then the
no clear way of splitting the action into a matter part and
gravitational part and a preferred classical form for t
energy-momentum tensor of the scalar field can indeed
singled out only by requiring covariant conservation@17#.
Correspondingly, one could write many~classically equiva-
lent! Hamiltonian constraints which, at the quantum lev
become inequivalent ‘‘WDW’’ equations. Interestingly, th
BO factorization~1.7! pinpoints a specific form of~or opera-
tor ordering in! the WDW equation in order to ensure th
existence of the Schro¨dinger equation~1.9!. Further, the BO
reduction then yields a source term for the geometry in
semiclassical Einstein equation~1.8! which can be easily re-
lated to the time-time component of the proper~divergence-
less! energy-momentum tensor of the scalar field. Howev
such a source is not equal to the expectation value of
Hamiltonian operator in Eq.~1.9!. It is only for the case of
minimal coupling that the super-Hamiltonian is the sum
the time-time components of the~covariantly conserved!
energy-momentum tensor and Einstein tensor and then
expectation value of the generator of the time evolution
the matter state is the semiclassical source of gravity.

In the following, we shall argue that the difference b
tween the source term in the semiclassical Einstein equa
and the operator of time evolution in the Schro¨dinger equa-
tion is associated with the different ways matter and grav
are affected by quantum fluctuations around the mean v
of the matter field and by the presence of asqueezing@18#
term in the Schro¨dinger equation. This will lead us to defin
three different regimes of approximations, namelyquantum
gravity, semiclassical gravityand an ‘‘intermediate’’ regime
in which quantum gravitational fluctuations are negligib
but the trajectory of the~collective! gravitational degree of
freedom senses matter fluctuations. Similar results w
found previously in different approaches and, for examp
the intermediate regime is calledstochastic gravityby Hu
and collaborators~for a review see, e.g.,@19# and references
therein!.

The approach employed in the present paper might l
totally different with respect to the procedure of estimati
the back reaction within the framework of quantum fie
theory by studying perturbations of the Einstein equatio
~or in the Feynman path integral! around a given classica
solution @20#. It has certainly the shortcoming that we sta
from an effective minisuperspace action in which the degr
of freedom of the system have been reduced by symm
arguments prior to quantization and subsequent semiclas
approximation, rather than from the quantized set of eq
tions derived from the full Einstein-Hilbert action. Howeve
we point out that the more standard approach of perturba
theory also reduces the degrees of freedom of Einstein g
9-2
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NONMINIMALLY COUPLED SCALAR FIELDS IN . . . PHYSICAL REVIEW D 61 084009
ity @21#, since it assumes the existence of a classical~saddle
point! solution ~background manifold and metric! from the
onset, leaving as remnantgauge freedom only coordinate
transformations and small diffeomorphisms of the ba
ground manifold@20#. Both approaches are thus questiona
if one wishes to quantize Einstein gravity, but can be
garded as hopefully reliable whenever one aims at descri
gravity in a semiclassical state as we wish to do here.

In the following section we start from the minisuperspa
action for a mode of a non-minimally coupled massive sca
field in a Robertson-Walker space-time and pursue the s
dard canonical formalism in order to obtain an Hamiltoni
constraint and the corresponding WDW equation. Then
Sec. III we apply the BO approach and obtain the Hamilto
Jacobi equation for the scale factor of the universe and
Schrödinger equation for the state of the scalar field.
making use of invariant operators we solve the Schro¨dinger
equation and show that the source term in the semiclas
Einstein equation is the semiclassical extension of the ti
time component of the covariantly conserved ener
momentum tensor. In Sec. IV we specialize the results to
massive minimally coupled case, which we briefly revie
and to the particular cases withj51/6 and 1/4 which we
analyze in more detail. Finally, in Sec. V we summarize a
comment on our results.

We follow the sign convention of Ref.@11# and definek
58pG.

II. MINISUPERSPACE ACTION

In this section we shall show that the classical dynam
of a non-minimally coupled scalar field in Robertson-Walk
space-time is determined by the Hamiltonian constraint
the Klein-Gordon equation, thus generalizing the result~1.4!
for the minimally coupled case as described in the Introd
tion.

The ~volume part of the! action for the non-minimally
coupled real scalar fieldF5F(x) in a generic four-
dimensional space-timeM with metric g is given by@1,22#

SF5
1

2EM
d4xA2gFRS 1

k
2jF2D2~]F!22m2F2G ,

~2.1!

where g5detg, R is the scalar curvature,m51/l f the in-
verse of the Compton wavelength ofF andj a dimension-
less parameter such thatj50 corresponds to the minima
coupling andj51/6 yields the conformal coupling@23#.

It is possible to reduce the above action by assuming s
tial homogeneity and isotropy so thatM admits a preferred
foliation into spatial hypersurfaces of constant timet and the
four-metric is given by the Robertson-Walker line eleme
@11#

ds252N2dt21a2F dr2

12kr2 1r 2~du21sin2udw2!G ,
~2.2!
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with k50,61 for flat, positive and negative spatial curv
ture, u and w the usual angular coordinates andr P@0,r k)
with r 1151, r 05r 2151`. The scalar curvature is the
given by

R5
6

N2 S ä

a
2

ȧṄ

aN
1

ȧ2

a2
1N2

k

a2D . ~2.3!

We also expand the real scalar field in spatial Fourier mod

F5
1

A2 V
(

pW
@e2 i pW •xW FpW1ei pW •xW FpW

!
#, ~2.4!

where V5a3 V is the spatial volume of the universe, an
separate the real from the imaginary part:

FpW~ t !5
1

A2
~fpW

1
1 i fpW

2
!. ~2.5!

This decomposition yields an effective action for tw
minisuperspace variablesa5a(t) andf5f(t) ~for the de-
tails see Appendix A!,

S5
1

2 Et i

t f
dt H a3 S ḟ2

N
2N v2 f2D

16 ~v2j f2! Fa ȧ2

N
1N k a1a2

d

dt
S ȧ

N
D G J , ~2.6!

wherev[V/k. The actionScan be used to analyze~the real
or imaginary part of! any of the modesFpW , with an effective
frequencyv as given in Eq.~A12!.

The above action contains both a second time deriva
of a and a first time derivative ofN in the same term. The
former would cause problems with causality and require
modification of the standard Euler-Lagrange equations
motion; the latter breaks the presumed tim
reparametrization invariance of the system. However, we
serve that upon integrating by parts the last term and neg
ing the integrated part as dynamically irrelevant~for further
explanation see Appendix B!, one finally obtains

S5
1

2 Et i

t f
N dt a3 F ḟ2

N2
2v2 f22

6

a2 ~v2j f2! S ȧ2

N2
2kD

112j
f

a

ȧ ḟ

N2 G , ~2.7!

in which there are no second time derivatives anddt
[N dt is the proper time measure. This is the action
regard as properly describing the dynamics of the coup
variablesa andf.

A. Lagrangian dynamics

The Euler-Lagrange equations of motion following fro
the actionS are given by
9-3
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1

a3

dS

dN
[2

H

a353 ~v2j f2! S ȧ2

a2
1

k

a2D
2

1

2
~ḟ21v2 f2!26 j

ȧ

a
f ḟ50 ~2.8!

1

a2

dS

da
53 F ~v2j f2! S 2

ä

a
1

ȧ2

a2
1

k

a2D
24 j

ȧ

a
f ḟ22 j ~ḟ21f f̈!

1
1

2
~ḟ22v2 f2!12

v

a2 PW •PW f2G50 ~2.9!

1

a3

dS

df
52F f̈13

ȧ

a
ḟ1v2 f

16 j S ä

a
1

ȧ2

a2
1

k

a2D fG50, ~2.10!

where we have setN51 after the variation to give the ex
pressions a simple form. This choice is consistent with
fact that the action~2.7! does not contain time derivatives o
N and Eq.~2.8! is then the Hamiltonian constraint. Of cours
it must be preserved in time and, in fact,

dH

dt
523 ȧ ~v2j f2! ~ ȧ212 a ä1k!

1
3

2
a2 ȧ ~ḟ21v2 f2!1a3 ḟ ~f̈1v2 f!

16 j a f ḟ ~3 ȧ21k!16 j a2 ~ ȧ ḟ21f ä ḟ1f ȧ f̈ !

22 v PW •PW ȧ f2

52ȧ
dS

da
2ḟ

dS

df
~2.11!

vanishes identically by virtue of Eqs.~2.9! and ~2.10!, thus
generalizing to arbitraryj the results~1.4! and~1.5! valid for
j50.

The next step is to quantize the system and show that
WDW equation encodes the entire semiclassical dynam
In order to do so, one needs to consider the Hamilton
form of Eq. ~2.8!.

B. Hamiltonian dynamics

The canonical momenta conjugated toN, a and f are
given by

PN50 ~2.12!

Pa526 a ~v2j f2!
ȧ

N
16 j a2 f

ḟ

N
~2.13!
08400
e
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Pf5a3
ḟ

N
16 j a2 f

ȧ

N
. ~2.14!

The action~2.7! can then be written in canonical form as

S5E
t i

t f
dt @PN Ṅ1Pa ȧ1Pf ḟ2N H~Pa ,Pf ,a,f!#,

~2.15!

where the super-Hamiltonian already given in Eq.~2.8! takes
on the rather complicated canonical form

H5
1

2 H 2
@a Pa26 j f Pf#2

6 a3 @v2j ~126 j! f2#

26 k a ~v2j f2!1
Pf

2

a3 1a3 v2 f2J . ~2.16!

Several remarks are in order. First, the casesj50,

H5
1

2 H 2
Pa

2

6 v a
26 k v a1

Pf
2

a3 1 a3 v2 f2J , ~2.17!

andj51/6,

H5
1

2 H 2
~a Pa2f Pf!2

6 v a3 26 k v a

1
Pf

2

a3 1a ~a2 v21k! f2J , ~2.18!

are clearly special since these values ofj simplify the form
of the kinetic term inH, although it is only forj50 that the
kinetic term is diagonal in the momenta@24#.

Second, thett component of the unique divergencele
energy-momentum tensor as computed according to R
@17#,

Ttt5
1

v2j f2 F1

2
~ḟ21v2 f2!16 j

ȧ

a
f ḟG , ~2.19!

is related to the variation of the action with respect to t
metric by

2

A2g

dSM

dgtt
5~v2j f2! Ttt , ~2.20!

where

SM52
1

2 E d4x A2g @~]F!21m2 F21j R F2#.

~2.21!

It is however the~non-conserved! quantity on the right hand
side~RHS! of Eq. ~2.20! which naturally appears insideH, as
is apparent from Eq.~2.8! or
9-4
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H

a3 5~v2j f2! FTtt23 S ȧ2

a2
1

k

a2D G
5~v2j f2! S Ttt2

1

k
GttD

[~v2j f2!
H8

a3
, ~2.22!

whereGtt is thett component of the standard Einstein te
sor. From Eq.~2.11! one concludes that

dH8

dt
;f ḟ H8; ~2.23!

thereforeGtt5k Ttt , or H850, is an equivalent statemen
of time-reparametrization invariance~assumingvÞj f2).

In order to lift such a symmetry to the quantum level a
obtain the WDW equation one might choose eitherH or H8
~or any other classically equivalent expression!, thus obtain-
ing quantum mechanically inequivalent ‘‘WDW’’ equation
However, the existence of the semiclassical limit via the B
reduction places some restrictions on the form of the Ham
tonian constraint. In particular, in order to recover a Sch¨-
dinger equation from the WDW equation, it is necessary t
the coefficient ofPa

2 does not depend on the matter degree
freedomf ~see Sec. III B for more details!. This singles out
the preferred~classical! expression

H̄5Wj H

5
1

2 H 2
@a Pa26 j f Pf#2

6 a3

1Wj FPf
2

a3 1a3 v2 f226 k a ~v2j f2! G J ,

~2.24!

whereWj5Wj(f)[v2j (126 j) f2.
We proceed to analyze the quantum version of the Ham

tonian constraint with the modified super-Hamiltonian~2.24!
in the next section where we shall also show that the
approach guarantees that the metric be driven by the pr
~conserved! semiclassical (tt component of the! energy mo-
mentum tensor for the scalar field.

III. SEMICLASSICAL EQUATIONS

The quantization of the Hamiltonian constraintH̄50,
with H̄ as given in Eq.~2.24!, is formally achieved by intro-
ducing the operatorsâ, f̂, P̂a and P̂f which yields the
WDW equation

H̄~ P̂a ,P̂f ,â,f̂ ! C50, ~3.1!

whereC5C(a,f) is the wave function of the universe.
When dealing with Eq.~3.1! as it stands, one has to fac

several formal problems. First of all one would like to d
08400
l-

t
f

l-

er

scribe the system by means of Dirac variables, but, ob
ously, this is not the case fora and f and their momenta
which do not commute withH̄. This problem could be
solved by trading the original canonical variables for th
initial values~the so calledperennials; for a review see Ref.
@25#!. Then one wishes the canonical variables map into H
mitian operators and, further, needs to make sense of
ordering in the kinetic term.

Since we are interested in the semiclassical limit for
variablea @26#, at each step we shall assume the order
which best fits the computation and define a scalar produc
the variablef at fixeda as

^^CuC8&&~a!5E
2`

1`

df C!~a,f! C8~a,f!, ~3.2!

which renders the operator

P̂f52 i \ ]f ~3.3!

Hermitian provided the functionsC5C(a,f) are sum-
mable infPR for any allowed~fixed! value of a. Analo-
gously we define

P̂a52 i \ ]a ~3.4!

andâ andf̂ as multiplicative operators. Since the range oa
is R1, one should carefully discuss the dependence ofC on
a; however, again the fact that we want to recover the se
classical limit will ease this issue because, strictly speak
there is only one allowed value ofa at a given time along a
~semi!classical trajectory. Hence, it will practically be suffi
cient to consider small intervals ofR1 ~at a time!.

To make all the above more concrete, we consider the
factorization~1.7! for the total wave function into matter an
gravity parts and assume the matter functions are normal
in the induced scalar product

^xux8&[
^^CuC8&&~a!

c!~a! c8~a!
5E

2`

1`

df x!~f,a! x8~f,a!.

~3.5!

Then we factor out the geometrical phase by defining

x̃5expS 2
i

\ Ea

^xuP̂aux& da8Dx

c̃5expS 1
i

\ Ea

^xuP̂aux& da8Dc, ~3.6!

so that^x̃uP̂aux̃&50.

A. Gravitational equation

Substituting the above definitions into the WDW equati
~3.1! and contracting over̂x̃u on the left then yields an equa
tion for the gravitational part,
9-5
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1

2 H 2
P̂a

2

6 a
12 j ^f̂ P̂f&

P̂a

a2
2

6 j2

a3 ^f̂2 P̂f
2 &

26 k a ^Ŵj ~v2j f̂2!&1
~ ŴjP̂f

2

a3 1a3v2^Ŵjf̂
2& c̃J

5
1

2 H ^P̂a
2&

6 a
2

2 j

a2 ^f̂ P̂f P̂a&J c̃[Da
(g) c̃, ~3.7!

where^Ô&[^x̃uÔux̃& for any operatorÔ andŴj5v2j (1
26 j) f̂2.

The termDa
(g) on the RHS of Eq.~3.7! can be regarded a

describing fluctuations of the gravitational degree of freed
in the following sense. Upon assuming the space of the m
ter functionsx̃ admits a complete orthonormal basisun& and
inserting an identity one obtains

^x̃u f ~ â,f̂,P̂f! ~ P̂a!qux̃&

5(
n

^x̃u f ~ â,f̂,P̂f!un& ^nu~ P̂a!qux̃&

;(
n

^n,a1q danux̃,a&, ~3.8!

where f is any function ofâ, f̂ and P̂f , q is a ~positive!
integer anddan;^x̃u f (â,f̂,P̂f)un&. Therefore, whenDa

(g) is
not small@with respect to the LHS of Eq.~3.7!# the system
has a non-negligible probability of spreading over sta
n(f;a8) with a8Þa.

On the other hand, whenDa
(g) is negligible@27# one can

assumex̃ is peaked on a given trajectorya5a(t) and is well
approximated by the WKB form

c̃WKB5
1

A2Pa

expS 1
i

\ E Pa~a8! da8D , ~3.9!

wherePa5Pa(t) is the momentum along the semiclassic
trajectory and the timet is correspondingly defined accord
ing to the semiclassical version of Eq.~2.13!:

Pa526 a ^Ŵj& ȧ16
j

a
^f̂ P̂f&. ~3.10!

For

P̂ac̃WKB5Pa c̃WKB , ~3.11!

one obtains the semiclassical Hamilton-Jacobi equation
a,
08400
t-

s

l

or

2
Pa

2

6 a
12 j ^f̂ P̂f&

Pa

a22
6 j2

a3 ^f̂2 P̂f
2 &

26 k a ^Ŵj ~v2j f̂2!&1
^Ŵj P̂f

2 &

a3

1a3 v2 ^Ŵj f̂2&50, ~3.12!

or, after substituting forPa from Eq. ~3.10!,

3 a F ȧ21k
^Ŵj ~v2j f̂2!&

^Ŵj&
2 G

2
1

2 F ^Ŵj P̂f
2 &

^Ŵj&
2 a3

1a3 v2 ^Ŵj f̂2&

^Ŵj&
2 G

523 j2
^f̂2 P̂f

2 &2^f̂ P̂f&2

^Ŵj&
2 a3

[Df . ~3.13!

This expression shows a deep entanglement between the
degrees of freedom of the system, so that it is not possibl
distinguish a gravitational Hamiltonian from a matter Ham
tonian uniquely, as was done in Eq.~1.8!, whenjÞ0.

The meaning ofDf on the RHS of Eq.~3.13! is that it
describes quantum fluctuations of the matter field. In fa
such a term corresponds to higher\-order terms in the ex-
pansion ofx̃ around a classical state, for which

^f̂2 P̂f
2 &5^f̂ P̂f&21O~\!; ~3.14!

thus Df measures departures from classicality of the sca
field and could also be associated with fluctuations of
‘‘effective’’ Newton constant, which would explain why
Df;j2 @28#. These fluctuations are formally different from
the ones described byDa

(g) and associated with the classica
ity of the gravitational degree of freedom which appear
Eq. ~3.7!. However, it is also expected that both kinds
fluctuations must be consistently small in a semiclassical
gime. In fact, terms likeDf are usually absent in the stan
dard expressions for the source in the semiclassical Eins
equations as obtained in quantum field theory in Roberts
Walker space@1,19#.

WhenDf is negligible, Eq.~3.13! simplifies to

3 a @^Ŵj& ȧ21k ~v2j ^f̂2&!#.
1

2 F ^P̂f
2 &

a3
1a3 v2 ^f̂2&G ,

~3.15!

which then becomes equal to the classical Hamiltonian c
straint ~2.8! if we replace^f̂2& with f2 and^P̂f

2 & with Pf
2 .

This shows that the BO approach yields the correct class
limit for gravity.

At this point it might help in further understanding th
three equations~3.7!, ~3.13! and ~3.15! derived so far to re-
call the three regimes of approximation which were me
tioned in the Introduction and give for them explicit defin
tions in terms of the relevant quantities:
9-6
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~1! WhenDa
(g) andDf are not negligible@with respect to

the corresponding LHSs in Eqs.~3.7! and ~3.13!#, one is at
the border ofquantum gravityin which gravitational fluctua-
tions start to be significant. All the present treatment of
coupled matter-gravity system, and including the starting
tion ~2.7!, is likely to lose its meaning whenDa

(g) andDf are
very big, but one can still try to use Eq.~3.7! whenever such
terms are not overwhelming.

~2! When bothDa
(g) and Df are negligible, one is at the

opposite limit of semiclassical gravitydescribed by Eq.
~3.15!. This provides a good picture of the present day u
verse and already contains the description of important
fects related to the quantum nature of matter such as
production of particles induced by the evolution of the sc
factor a5a(t) @1,15#.

~3! WhenDa
(g) is negligible, butDf is not, one is in the

‘‘intermediate’’ regime where matter fluctuations play a s
nificant role in driving the evolution of the metric accordin
to Eq. ~3.13!. One might expect that this is a fairly goo
setting for the description of an early epoch in the history
the universe, e.g., near the time of the onset of inflation@19#.

We also point out that, in the above scheme, one co
include within matter fluctuations the effect of higher WK
orders in the expression forc̃ ~representing ‘‘collective
gravitational fluctuations’’!, which might play a significant
role at both stages~2! and ~3! @29#.

We finally note that, so far, we have not chosen a spec
ordering betweenf̂ andP̂f to keep the discussion as gene
as possible.

B. Matter equation

Let us now turn to the equation for the matter state. Up
subtracting Eq.~3.7! from Eq. ~3.1! and dividing by c̃

5c̃WKB one obtains

H Pa

2
F2

P̂a

3 a
22

j

a2 ^f̂ P̂f&12
j

a2 f̂ P̂fG1ĤS82^ĤS8&J x̃

5
1

2
F P̂a

22^P̂a
2&

3 a
22

j

a2 ~f̂ P̂f P̂a2^f̂ P̂f P̂a&!G x̃,

~3.16!

where we have also used Eq.~3.11! and

ĤS8[
Ŵj

2 F P̂f
2

a3
1a3 v2 f̂226 k a ~v2j f̂2!G

23 j2
f̂2 P̂f

2

a3
13 k a v2. ~3.17!

From Eq.~3.10! one obtains

Pa P̂a; i \ ȧ
]

]a
[ i \

]

]t
, ~3.18!
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and this explains our previous statement that one canno
low for a factor f (f) multiplying Pa

2 in the super-
Hamiltonian. In that case one would have

f ~f̂ ! Pa P̂ax̃; f ~f̂ !
]x̃

]t
. ~3.19!

Then, the only way of getting rid of the operatorf (f̂) and
obtain a Schro¨dinger equation is to assume the ordering

F f ~f̂ !
]

]tG x̃[
]

]t
@ f ~f̂ ! x̃#, ~3.20!

and write

x̃5
1

f ~f!
x̄. ~3.21!

However, one would eventually find that this procedure
equivalent to the~simpler! choice of multiplying H by
1/f (f) from the onset, as was indeed done by introducingH̄
in Eq. ~2.24!.

Upon substituting in forPa from Eq. ~3.10! yields

i \
]x̃

]t
5@ĤS2^ĤS&# x̃1Da

(m) x̃, ~3.22!

where

ĤS[
1

^Ŵj&
H Ŵj

2 F P̂f
2

a3
1a3 v2 f̂226 k a ~v2j f̂2!G

13 k a v2J 26 j
ȧ

a
f̂ P̂f

13 j2
2 ^f̂ P̂f& f̂ P̂f2f̂2 P̂f

2

^Ŵj& a3
~3.23!

and

Da
(m)[

1

^Ŵj&
F j

a2 ~f̂ P̂f P̂a1^f̂ P̂f& P̂a

2^f̂ P̂f P̂a&!2
P̂a

22^P̂a
2&

12a
G ~3.24!

represents the effect of gravitational fluctuations on the e
lution of matter asDa

(g) does for the gravitational state.
Finally, by neglectingDa

(m) and rescaling the matter wav
function,

xs[expS 2
i

\ E dt ^ĤS& D x̃

5expS 2
i

\ E dt ^ĤS2 i \ ]t& D x, ~3.25!

one obtains the Schro¨dinger equation
9-7
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i \
]xs

]t
5ĤS xs. ~3.26!

One can make use of Eq.~3.13! to substitute forȧ in the
operatorĤS which appears on the RHS above and genera
the evolution of the matter state along the semiclassical
jectory a5a(t), thus obtaining a fairly complicated expre
sion which does not naively compare to the matter sou
that appears in the semiclassical Einstein equation~3.13!.

For a generic value ofj it looks hopeless to findinvariant
operators@5# for the complicated HamiltonianHS , but it can
be done at least when terms of orderv21 are negligible
@along with Da

(m);Da
(g) ; see case~2! in the scheme of ap

proximations of Sec. III A#. Then

Ŵj;v, ~3.27!

and Eq.~3.23! reduces to

ĤS.
1

2 F P̂f
2

a3
1a ~a2 v216 j k! f̂226 j

ȧ

a
~f̂ P̂f1 P̂f f̂!G ,

~3.28!

where we have also symmetrized the productf̂ P̂f . Such a
term is related to thesqueezingof the matter state~see, e.g.,
the review in@18#! and it is remarkable that it appears in th
operator that evolves the state of the fieldf. In fact, upon
quantizing the scalar field in a Robertson-Walker univer
one obtains a squeezing term in the Hamiltonian for the
caled fieldz[a f, which is however absent in the Hami
tonian for the unscaledf @3#. Since the squeezing is als
related to the decoherence of classical solutions@30,19#, this
might have interesting consequences for the onset of a c
sical universe.

It is important to note that neglecting terms of ord
v215k/V is tantamount to performing an expansion in t
Newton constant and neglecting terms of orderk and higher.
In fact, a ~infinite! factor of V has been absorbed in th
definition of f2 @see Eq.~2.4!#; therefore one can formally
setV51 and takev5k21 henceforth. As explained in Re
@8#, the expansion ink must be performed carefully in orde
to preserve unitarity and, indeed, in the present paper
expand after completing the BO reduction which yields
Eqs. ~3.13! and ~3.23!. Had we expanded and truncated t
original super-Hamiltonian~2.8! before applying the BO ap
proach we might have been led to an unphysical picture
which, e.g., one neglects the matter source~of orderk0) with
respect to the gravitational part~of orderk21).

For the above approximate HamiltonianĤS one finds that
the annihilation and creation operatorsâj and âj

† are given
by

âj5Aa3 vj

2 \ F f̂1
i

vj
S P̂f

a3
26 j

ȧ

a
f̂ D G , ~3.29!

where the effective frequency is
08400
s
a-

e

,
s-

s-

e
e

in

vj
2[v216 j S k

a226 j
ȧ2

a2D . ~3.30!

The latter quantity must be strictly positive, that is@31#

36j2
ȧ2

a2
,v216 j

k

a2, ~3.31!

which is always satisfied for a minimally coupled massi
(mÞ0) scalar field, but places restrictions on the~Hubble!
ratio h5ȧ/a for all other values of the parametersm,
PW •PW andk. In particular, the casev5k50 is excluded from
the present analysis. The Hamiltonian can then be written

ĤS5\ vj S âj
† âj1

1

2D ; ~3.32!

however, this does not imply that the model contains sta
with a fixed number of quanta.

In fact, exact solutions of Eq.~3.26! are constructed from
the invariant operatorsb̂j and b̂j

† @31#,

b̂j5
1

A2 \
H f̂

rj
1 i @rj P̂f2~a3 ṙj16 j a2 ȧ rj! f̂#J ,

~3.33!

according to

un,t&s5expS 2
i

\ E t

dt8 s^n,t8u ĤS2 i \ ]t un,t8&sD un&j ,

~3.34!

where

un&j[
~ b̂j

†!n

An!
u0&j , ~3.35!

and we remark that the phase in Eq.~3.34! is the same that
relatesxs to ~the time-independent! x in Eq. ~3.25!. The
function rj5rj(t) is a solution of the equation

r̈j13
ȧ

a
ṙj1Fv21j S R16 ~126 j!

ȧ2

a2D G rj5
1

a6 rj
3,

~3.36!

with R the scalar curvature~2.3! in the gaugeN51. We
observe that setting the RHS of the above equation to z
yields the classical Klein-Gordon equation~2.10! only for
the two casesj50,1/6.

By introducing the new variable

sj[a3/2rj , ~3.37!

one simplifies Eq.~3.36! to the form

s̈j1Vj
2 sj5

1

sj
3, ~3.38!
9-8
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where

Vj
25v216 j

k

a21
3

4
@16j ~123 j!21#

ȧ2

a2
1

3

2
~4 j21!

ä

a
.

~3.39!

We then note that another special case is obtained foj
51/4 in flat space, sinceV1/45v for k50. This case is of
interest also because every solutionh of the ~free! Dirac
equation in curved space-time satisfies the Klein-Gord
equation

~h1m21j f R!h50, ~3.40!

wherej f51/4 @1,32#. Therefore, one can consider the sca
field with j51/4 as the analogue of a minimally couple
fermion field.

Provideds̈j is negligible, a solution to Eq.~3.38! is given
by

sj.Vj
21/2. ~3.41!

One then finds thats^n,tu N̂ un,t&s[ s^n,tu âj
† âj un,t&s is

generally a time-dependent quantity. Also, in general th
exist suitable initial conditions~at t5t i) such that

sj~t0!5
1

Avj~t0!

⇒b̂j~t0!5âj~t0!, ~3.42!

ṡj~t0!5
3ȧ~t0!

2 a~t0!
sj~t0!,

and the stateun,t&s then describes exactlyn ~Hamiltonian!
quanta att5t0. In the following we shall often find it con-
venient to considert0@t i corresponding to a period of~al-
most! adiabatic expansion withȧ!1.

We conclude this part by recalling that it is usually stat
that the correct way of counting particles in quantum fie
theory on curved backgrounds is not by means of the num
operator N̂;ĤS but by introducing a~localized! detector
coupled to the matter field@1#. In the present context, on
might also dispute that there is the alternative option
counting the number of particles by making use of th
‘‘weight’’ as it appears in Eq.~3.13!, since this is what drives
the observablea. We shall further investigate this point i
the next sections.

C. Coupled dynamics

In the same~small k) approximation~3.27! which led us
to the Schro¨dinger operatorĤS in Eq. ~3.28!, the gravita-
tional equation~3.15! becomes

3 S ȧ2

a2
1

k

a2D 5k
^ĤM&

a3
, ~3.43!
08400
n

r

e

er

f
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where we have neglectedDf;v22 and (v;k21)

ĤM5
1

2 F P̂f
2

a3
1a ~a2 v216 j k! f̂2G . ~3.44!

It then follows that the expectation valueHs

[ s^n,tuĤS un,t&s can be expressed in terms of the functi
sj as @31,33#

Hs5
\

2 S n1
1

2D H Fv216 j
k

a21S 9

4
236j2D ȧ2

a2 G sj
21ṡj

2

23
ȧ

a
sj ṡj1

1

sj
2J , ~3.45!

and, after subtracting the squeezing term, one finally obta
the ‘‘weight’’ Hm[ s^n,tuĤM un,t&s as

Hm5
\

2 S n1
1

2D H Fv216 j
k

a21S 9

4
118j ~2 j21! D ȧ2

a2 G sj
2

1ṡj
213 ~4 j21!

ȧ

a
sj ṡj1

1

sj
2J . ~3.46!

At least fora large, one expects that terms proportional
ȧ and higher time derivatives ofa become small@with re-
spect tov or k/a; see condition~3.31!#. In this approxima-
tion one then has, to next to leading order,

sj.S v216 j
k

a2D 21/4S 11
3

16

1216j ~123 j!

v216 j
k

a2

ȧ2

a2

1
3

8

124 j

v216 j
k

a2

ä

aD
ṡj.

ȧ

a S v216 j
k

a2D 25/4 S PW •PW

2 a2
13 j

k

a2D . ~3.47!

The next step is to substituteHm in Eq. ~3.46! with the above
expression forsj into Eq. ~3.43! which yields amaster
equationfor the scale factor of the universea5a(t).

This master equation can then be integrated~at least nu-
merically! for different choices of the parameters. The lat
must be so chosen that the following conditions hold:

~1! (ȧ/a)2 and ä/a must be small with respect tov2

1k/a2, as is required by the condition~3.31!, and the ap-
proximate expression~3.47! can then be employed.

~2! The number of invariant quantan@1 in order forDa
(g)

andDa
(m) to be negligible@13–16#.

~3! The effective volume of the universev a3/n@1/v so
that Df is negligible andĤS can be approximated by Eq
~3.28!. This last condition can also be written as
9-9
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n!
a3

l p
2 l f

, ~3.48!

which is like a dilute gas approximation, andl p[A\ k is the
Planck length.

In the following section we shall try and relax the cond
tion ~3! to estimate the effects of matter fluctuations.

As we mentioned at the end of Sec. III B, one could thi
of using the quantityHm to measure the actual energy
matter in the universe. Thus, one is led to identifya3 ^T̂t

t&
5V ^T̂t

t&52Hm and impose the conservation law

“•^T̂&50, ~3.49!

which is consistent with the fact that the LHS of Eq.~3.43! is
recognized as the (tt component of the! standard Einstein
tensor for the Robertson-Walker metric@see Eq.~2.22!#. As
anticipated at the end of Sec. II B, this shows that the
reduction automatically provides the correct expression
the energy-momentum tensor in the semiclassical Eins
equations.

Since the scalar field is~classically! equivalent to a per-
fect fluid @11,17#, we can assume the preferred foliation
the space-timeM in which the four-metric takes the form
~2.2! corresponds to the frame comoving with this fluid
~gravitating! energyHm ~see note in@26#!. The ~semiclassi-
cal! energy-momentum tensor of the scalar field in the
moving frame can be written as@11#

^T̂&5diagF2
Hm

V ,p,p,pG , ~3.50!

wherep is the pressure. The spatial components of Eq.~3.49!
then imply thatp5p(t), in agreement with the hypothes
of homogeneity and isotropy, and thet component of Eq.
~3.49! yields the expected relation

p52
dHm

dV 52
Ḣm

3 ȧ a2
, ~3.51!

which can be used to determine the pressure onceHm anda
have been obtained. Here we only observe that one has
(p50) wheneverHm is constant.

IV. SPECIAL CASES

It is clear from the previous analysis that the casesj
50,1/6 are particularly simple for a variety of reasons,
cluding the fact thatW05W1/65v. Thus, we now review the
minimally coupled case and study in detail the conforma
coupled case. We shall also consider the case withj51/4
~the analogue of a minimally coupled fermion field! for
which the invariant structure is particularly simple in th
limit ~3.27! whenPW 5k50.
08400
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A. Minimal coupling

For j50 the separation between matter and gravity
clear from the outset, since the semiclassical equation~3.15!
for a is given by

3 a ~ ȧ21k!5
k

2 S ^P̂f
2 &

a3
1a3 v2 ^f̂2& D , ~4.1!

where thett component of the energy-momentum tensor

a3 ^T̂tt&5
1

2 S ^P̂f
2 &

a3
1a3 v2 ^f̂2& D , ~4.2!

equals the expression that is obtained by quantizing the fi
f on the Robertson-Walker background and taking for
energy density the expression given in Eq.~2.19! for j50.
This shows the equivalence of the BO approach for the m
mally coupled scalar field to the computations performed
the more common framework of quantum field theory
curved backgrounds.

One also has the identityk ĤS5ĤM and the invariant
annihilation operator, for the cases whenvÞ0 @see Eq.
~3.31!#, reduces to the simple form

b̂05
1

A2 \
F f̂

r0
1 i ~r0 P̂f2a3 ṙ0 f̂ !G , ~4.3!

with the functionr05r0(t) determined by the equation

r̈013
ȧ

a
ṙ01v2 r05

1

a6 r0
3. ~4.4!

This yields the exact~invariant! Fock space of statesun&0
with which one can also build coherent states,

b̂0 ua&05a ua&0, ~4.5!

such that the expectation value

fc~t![ s^a,tu f̂ ua,t&s ~4.6!

satisfies the classical Klein-Gordon equation~2.10! for j
50 @15#:

f̈c13
ȧ

a
ḟc1v2 fc50. ~4.7!

This is the last step required to show that the semiclass
dynamics ofa andf can be retrieved from the WDW equa
tion alone when the scalar field is minimally coupled.

For the homogeneous mode in flat space,PW 5k50, the
approximation~3.47! yields

Hm5Hs.mf S n1
1

2D F11
9 l f

2 ȧ2

8 a2 G , ~4.8!

wheremf5\ m is the~inertial! mass of one scalar quantum
Apart from the value of the numerical factor multiplying th
9-10
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second term inside the square brackets,Hs is essentially the
same as the analogous quantity computed in Sec. IV B 1
therefore do not analyze the casej50 any further and refer
the reader to Ref.@15# for its application to chaotic inflation

B. Conformal coupling

For j51/6 one has again a considerable simplification
the semiclassical equation~3.15! for a,

3 a ~ ȧ21k!2
k

2 F ^P̂f
2 &

a3
1a ~a2 v21k! ^f̂2&G

52
k2

12a3 ~^f̂2 P̂f
2 &2^f̂ P̂f&2!, ~4.9!

but matter fluctuations do not disappear (DfÞ0). Corre-
spondingly, the Hamiltonian which evolves the matter sta
is given by

ĤS5
1

2 F P̂f
2

a3
1a ~a2 v21k! f̂2

1S ^f̂ P̂f&

6 v a3
2

ȧ

aD ~f̂ P̂f1 P̂f f̂!2
f̂2 P̂f

2

6 v a3G
~4.10!

and by Eq.~3.28! ~with j51/6) when terms of orderv21 are
negligible. In the following we shall assume such an a
proximation and use the expressions given in Secs. III B
III C for the invariant Fock space withj51/6.

We can then study the evolution of the scale factor of
universe corresponding to a matter content given byun&1/6.
For this we can easily estimateHs andHm by employing the
expression fors1/6 given by Eq.~3.47!.

1. Homogeneous mode in flat space

For PW 5k50 one has

Hm.n mf S 12
3 l f

2 ȧ2

8 a2 D ~4.11!

Hs.n mf S 11
5 l f

2 ȧ2

8 a2 D . ~4.12!

Upon substituting Eq.~4.11! into Eq.~4.9! we get the trajec-
tory a5am(t) as a solution of the master equation

3 ȧ25
l p
2

l f

8 n lf a2

8 a31n lp
2 l f

. ~4.13!

Had we used instead Eq.~4.12! we would have got a differ-
ent trajectorya5as(t) which solves

3 ȧ25
l p
2

l f

4 n lf a2

4 a323 n lp
2 l f

. ~4.14!
08400
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There is then an obvious difference betweenam andas ; that
is the velocity of the former is always finite fora>0, while
the velocity of the latter diverges for a finite positive value
a @after the dilute gas approximation~3.48! has broken
down#.

In order to show the difference explicitly, we give a fir
example in Figs. 1 and 2, where we consider a couple
solutions of the above equations~4.13! and ~4.14! with l f

5n lp
2 l f51 ~in natural units\5k51). Further, we have

chosena(0)51 for both equations so as to avoid the sing
larity in ȧs and compare two trajectories starting at the sa
value. In Fig. 1 we show the trajectoriesam and as along
with the corresponding Hubble coefficientshm5ȧm /am and
hs5ȧs /as and in Fig. 2 we plotHm@am#, Hs@am# and Hs

s

[Hs@as#. It is interesting to note that, although the numb
of invariant quanta,n, remains constant in time for the exa
solution un&1/6, the number of quanta,N;Hs , as computed
from the expectation value of the HamiltonianĤS decreases
and, on the contrary, the ‘‘weight’’Hm of the stateun&1/6

increases. The quantityHs
s represents what the ‘‘weight’’ of

the state would be were the squeezing factor totally abs
At late times (t→`) terms proportional tohm and its de-
rivatives vanish~adiabatic limit! and the three quantities con
verge to the same value. This is well suited if one aims
study the evolution of the universe assuming to know
present state@see Eq.~3.42!#.

In Eq. ~4.13! there are two parameters one can vary, t
is l f andn. In Fig. 3 we show the effect of taking 1/l f5m

FIG. 1. Evolution of the scale factorsam and as for n5m51
anda(0)51; hm andhs are the corresponding Hubble coefficient

FIG. 2. Plot of the three quantitiesHm , Hs andHs
s as defined in

the text for the case in Fig. 1.
9-11
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FIG. 3. Evolution of the scale factorsam and as for m
51, 10, 100.

FIG. 4. Evolution of the scale factorsam and as for n
51, 10, 100.

FIG. 5. Hubble coefficientshm for the trajectoriesam in Fig. 3
with m51, 10, 100.

FIG. 6. Hubble coefficientshm for the trajectoriesam in Fig. 4
with n51, 10, 100.
08400
51, 10, 100 ~with n lp
2 l f51) on both am and as with

a(0)51 and in Fig. 4 the effect of changingn
51, 10, 100~with m51) on am and as with a(0)55. In
Figs. 5 and 6 we plot the corresponding Hubble coefficie
hm . In particular one can see from Figs. 4 and 6 that both
scale factor and the Hubble coefficient scale with a posit
power ofn, as one expected from the fact thatHm;n.

Since Eq.~4.13! does not forbidam(t) to approach zero,
we also plot in Fig. 7 a trajectory withm5n lp

2 l f51 which
starts atam(0)50.2 and the corresponding Hubble coef
cienthm . In the same graph we also show that terms prop
tional to ȧ2/a2 and (ä/a) (ȧ2/a2) are negligible for the tra-
jectoryam as is required by the approximation~3.47!. Figure
8 reproduces the behavior ofHm andHs . In particular, it is
now apparent thatHm starts out at about zero and does n
diverge for am(0)→0. However, in this casen lp

2 l f

;a3(t) and the condition~3.48! is violated. Thus, we have
also plotted

2Df.
l p
4 n2

24a3, ~4.15!

to compare its relevance with respect toHm .
SinceDf dominates at smalla, we have computed a cor

rected trajectoryac5ac(t) with a(0)50.4 which we plot in
Fig. 9 together with the corresponding Hubble coefficienthc

FIG. 7. Evolution of the scale factoram for am(0)50.2, the
corresponding Hubble coefficienthm and the ratios between veloc
ity and acceleration ofam andm.

FIG. 8. Plot ofHm , Hs and uDfu52Df for the trajectory in
Fig. 7.
9-12
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and a trajectoryam with the same initial condition. Finally
in Fig. 10 we display the behavior of

Hc[Hm1Df ~4.16!

together withHm andHs for the trajectoryac .

2. Massless modes

This is also a remarkable case, corresponding to wha
usually considered true conformal coupling~because ofm
50). Indeed, in the approximation~3.47! we find that there
is no difference between the gravitational ‘‘weight’’ and th
expectation value of the HamiltonianĤs ,

Hm.Hs.n
\

a
~PW •PW 1k!, ~4.17!

wherePW •PW 1k must be strictly positive@see Eqs.~3.31 and
~3.47!#.

Since the termDf in Eq. ~4.15! again dominates for sma
a, the scale factor is determined by the master equation

ȧ25
n lp

2

3 a2 S PW •PW 1k2
n lp

2

24a2D 2k. ~4.18!

In Fig. 11 we plot the solutionac5ac(t) of Eq. ~4.18!, its
Hubble coefficienthc and gravitational ‘‘weight’’Hc for the
modePW •PW 5n51 in flat space,k50, andac(0)50.21.

FIG. 9. Plot ofac andam with a(0)50.4 and the correspondin
Hubble coefficienthc .

FIG. 10. Plot ofHc , Hm andHs for the trajectoryac in Fig. 9.
08400
is

C. Fermionic coupling

For j51/4 andPW 5k50 one finds that

s1/45
1

Am
~4.19!

is an exact solution of Eq.~3.38! which holds in the approxi-
mation ~3.27!. It then follows that

Hm5Hs5n mf , ~4.20!

which is a constant. The corresponding master equation
the scale factor, once one includesDf , is given by

3 ȧ25n
l p
2

a S 1

l f
2

n lp
2

24a3D . ~4.21!

We plot the solutionac for a(0)50.4, in Fig. 12, together
with the Hubble coefficient hc and the gravitational
‘‘weight’’ Hc , and observe that the qualitative behavior
these three quantities is similar to the one of the analog
quantities for the massless conformally coupled scalar fi
described in Sec. IV B 2.

V. CONCLUSIONS

In this paper we have analyzed the dynamics of a mod
a real scalar field non-minimally coupled to the Robertso
Walker metric. Starting from the Wheeler-DeWitt equatio
we have employed the Born-Oppenheimer approach wh

FIG. 11. Plot of the trajectoryac with PW •PW 5n51, k50 and
a(0)50.21.

FIG. 12. Plot of the trajectoryac with a(0)50.4, hc andHc .
9-13
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has then led us to a semiclassical picture in which the stat
the scalar field is evolved by a Schro¨dinger equation and the
scale factor of the universe by a semiclassical Hamilt
Jacobi equation. The main result is that, for generic coupl
the expression for the gravitational ‘‘weight’’ of a matte
state is not naively related to the Hamiltonian operator
pearing in the Schro¨dinger equation and evolves in time di
ferently with respect to the expectation value of the latt
Correspondingly, the scale factor of the universe evolves
cordingly to a non-trivial master equation.

By choosing the parameters of the model so as to obta
Schrödinger equation for which the exact~invariant! Fock
space can be constructed using known methods, we h
studied such master equations for the cases which are m
treated in the literature, that is the massive minima
coupled (j50) scalar field and both massive and massl
scalar fields withj51/6. Further, we have considered th
homogeneous mode of a massive scalar field withj51/4 in
flat space whose Klein-Gordon equation is formally the sa
as the one satisfied by minimally coupled Dirac fields and
which the dynamics of the scale factor shows remarka
qualitative similarities with the case of the massless con
mally coupled (j51/6) scalar field.

For j51/6 we have explicitly shown that the gravitation
‘‘weight’’ Hm of a given massive matter state increases
time, at least during the early stages of the expansion. In
spirit of the principle of equivalence, according to which t
gravitational mass of a particle equals its inertial mass,
can be considered as the signature of real particle produc
In fact, although no local detector has been introduced,
can regard the scale factor itself as an observable quan
e.g., by means of measuring the recession of galaxies,
relate the counting of particles to its evolution.

We also found thatHs , the expectation value of the ma
ter Hamiltonian in the Schro¨dinger equation, generally de
creases~or stays constant!. Because of the different behav
iors of Hm andHs , one might conclude that there is a failu
of the principle of equivalence, since one would expect t
the energy by which a matter state is evolved in time is
same that gravitates. Were this observation proved cor
the massless conformally coupled scalar field and the ho
geneous mode of a massive scalar field withj51/4 in flat
space would stand up as very peculiar, since for them~as for
the minimally coupled scalar field! the two quantities are
equal and the equivalence between inertial mass and g
tational mass would therefore be preserved for the mas
case withj51/4 ~thus suggesting an analogous result
fermions!.

However, we point out that, whileHm was shown to be
the semiclassical~time-time component of the! unique cova-
riantly conserved energy-momentum tensor and has natu
a physical meaning as the energy of the perfect fluid m
eled by the scalar field,Hs cannot be related to any directl
measurable quantities in our treatment. Hence it is not c
whetherHs carries any physically accessible information,
though the corresponding operatorĤS plays a fundamenta
role for the dynamics. In order to enlarge the number
observable quantities and make testable predictions
08400
of

-
g,

-

r.
c-

a

ve
tly

s

e
r
le
r-

n
e

is
n.
e

ty,
nd

t
e
ct,
o-

vi-
ve
r

lly
-

ar
-

f
ne

might then consider inhomogeneous fluctuations of ma
fields perturbatively on the background determined by
master equations obtained in this paper and estimate, e.g
effect induced on the spectrum of the cosmic microwa
background radiation.

We wish to conclude by mentioning that further possib
extensions of the present work include a deeper analysi
purely quantum effects, such as those induced by the su
position of several matter states@33# or the geometrical
phase appearing in Eq.~3.34! and the RHSs of Eqs.~3.7! and
~3.16!, and different couplings between gravity and the s
lar field, such as those in scalar-tensor theories of gravity~for
a recent review see Ref.@34#!. All such extensions would
affect the evolution of the background and, eventually,
inhomogeneous fluctuations of the matter fields.

ACKNOWLEDGMENTS

We thank G. Venturi for useful discussions. R.C. than
V. Frolov for stimulating suggestions.

APPENDIX A: ACTION FOR Fp¢

For j50 the scalar field potential in the action~2.1! is
quadratic inF and different modes in the sum~2.4! de-
couple, while, forjÞ0, one expects that the termF2 R in-
duces interactions via ‘‘graviton exchange.’’ In any cas
gravity would respond to the sum of all modes; thus, for t
sake of simplicity, we shall consider a scalar field contain
only one mode of fixed wave vectorpW ,

F5
1

AV
@cos~pW •xW !f11sin~pW •xW !f2#, ~A1!

where f1[fpW
1 and f2[fpW

2 . The scalar productaW •bW

[g i j a
ibj , with g i j 5gi j /a2 ( i , j 5r ,u,w) and g as given in

Eq. ~2.2!, is time independent. One then finds

F25
1

V
@cos2~pW •xW !f1

21sin2~pW •xW ! f2
21sin~2 pW •xW ! f1 f2#,

~A2!

and an analogous expression for (]F)2. The integration over
the spatial volume yields the following constant coefficien
(g[detg):

Vc[E d3x Ag cos2~pW •xW !

Vs[E d3x Ag sin2~pW •xW !. ~A3!

Since the three-metricg is isotropic, the direction ofpW can-
not affect the value of the above integrals so thatVc andVs

depend at most on the moduluspW •pW . Further, homogeneity
of g implies that

E d3x Ag sin~2 pW •xW !50. ~A4!
9-14
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After recalling that

V[E d3x Ag, ~A5!

and, settingf250, one then obtains an action for the re
part of F,

S15
1

2 Et i

t f
N dt a3 F S Vc

V

ḟ1
2

N2
2v1

2 f1
2D 1S V

k
2j

Vc

V
f1

2D RG ,

~A6!

with

v1
2[

Vs

V

pW •pW

a2
1

Vc

V
m2, ~A7!

and, settingf150, an action for the imaginary part,

S25
1

2 Et i

t f
N dt a3 F S Vs

V

ḟ2
2

N2
2v2

2 f2
2D 1S V

k
2j

Vs

V
f2

2D RG ,

~A8!

with

v2
2[

Vc

V

pW •pW

a2
1

Vs

V
m2. ~A9!

For the homogeneous mode,pW 50, one hasVc5V and
Vs50, so thatS2 vanishes andS1 coincides with the expres-
sion in Eq.~2.6! with f[f1 andv5m.

For pW Þ0, bothVc andVs are strictly positive and one can
rescale the fields according to

f[AVc

V
f1 S or f[AVs

V
f2D , ~A10!

and correspondingly define an ‘‘effective’’ wave vector

PW [AVs

Vc
pW S or PW [AVc

Vs
pW D , ~A11!

so that the actionS1 (S2) for the real~imaginary! part f is
again equal to the expression in Eq.~2.6! with

v25
PW •PW

a2
1m2. ~A12!
d

v

08400
l

This shows that the action~2.6! can be used to describe th
dynamics of~the real or imaginary part of! each mode of the
real scalar field.

APPENDIX B: BOUNDARY TERMS

The procedure which leads to the action~2.7! from the
one in Eq.~2.6! is the analogue~for genericj) of what is
done in general relativity when one defines the Einste
Hilbert action as@11#

SEH5
1

2 k E
M

d4x A2g R2
1

k E
]M

d3x K, ~B1!

whereK is the extrinsic curvature of the border]M of the
space-time manifoldM. In the above, the surface integr
evaluated on]M precisely cancels all the troublesome ter
inside the volume contribution~including first time deriva-
tives of the lapse function and second time derivatives of
three-metric!.

For the Robertson-Walker metric~2.2! one has thatK
vanishes at the time-like borderr 5r k and the only contribu-
tion to the surface integral comes from the hypersurfacet
5t i and t5t f :

1

k E
]M

d3x K53
V

k
Fa2

ȧ

N
G

t i

t f

5
1

2 Et i

t f
dt

d

dt
F6 v a2

ȧ

N
G .

~B2!

It therefore appears natural, forjÞ0, to generalize the stan
dard prescription to

1

k E
]M

d3x K→ 1

2 Et i

t f
dt

d

dt
F6 ~v2j f2! a2

ȧ

N
G , ~B3!

in order to eliminate unwanted terms from the action~2.6!
and obtain the form~2.7!.

Of course one could also consider other ways of proce
ing and, e.g., allow for terms containingä. However, the
requirement that time-reparametrization remain an inv
ance of the system (PN50) seems to favor the abov
procedure.
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